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This PhD thesis is devoted to the study of supersymmetry preserving background so- 
lutions of = 2 supergravity in 4 dimensions. The theories in consideration include 
arbitrary electric gaugings in the vector- and hypermultiplet sectors introduced in the 
[ beginning of the thesis. The main contents are divided into three major parts. Most of 
the chapters are based on previously published results with the exception of chapter |ic| 
in part |lj which is genuinely new. 

. In part | we consider vacua that can be fully analyzed by requiring preserved su- 

ed I persymmetry. We determine and analyze maximally supersymmetric configurations, 
preserving eight supercharges. We present several examples of such solutions and con- 
nect some of them to vacuum solutions of flux compactifications in string theory. We 
also provide a supersymmetry preserving consistent trimcation of the gauged theory by 
integrating out massive supermultiplets. 

The second part focuses on the topic of supersymmetric black holes. These can be 
asymptotically flat or asymptotically anti-de Sitter (AdS), and we analyze both cases 
in detail. We construct BPS black hole solutions in Minkowski space with charged 
hypermultiplets. We find solutions with vanishing scalar hair that resemble already 
known black holes, while the genuinely new solutions with hair that we find contain 
ghost modes. We also elaborate on the static magnetic supersymmetric AdS black holes, 
investigating thoroughly the BPS constraints for spherical symmetry in gauged super- 
gravity. We find Killing spinors that preserve two of the original eight supercharges 



and investigate the conditions for genuine black holes free of naked singularities. The 
existence of a horizon is intimately related with the requirement that the scalars are not 
constant, but given in terms of harmonic functions in analogy to the attractor flow in 
ungauged supergravity. We also briefly comment on the toroidal and hyperbolic BPS 
black holes in AdS. 

The third major topic of this thesis is BPS bounds, and in this context we discuss 
asymptotically Minkowski and AdS solutions in full generality. Concerning asymp- 
totically AdS spacetimes, we find that there exist two disconnected BPS ground states 
of the theory, depending on the presence of magnetic charge. Each of these ground 
states comes with a different superalgebra and a different BPS bound, which we derive. 
As a byproduct, we also demonstrate how the supersymmetry algebra has a built-in 
holographic renormalization method to define finite conserved charges. We derive the 
general form of the charges for all asymptotically flat, AdS, and magnetic AdS space- 
times. Some particular black hole examples from part are considered to explicitly 
demonstrate how AdS and mAdS masses differ when solutions with non-trivial scalar 
profiles are considered. Finally, chapter |l^ includes a comprehensive study of the super- 
algebras of the static black holes and their near-horizon geometries mid N — 2 super- 
gravity. We derive a no-go theorem for genuine BPS black holes in AdS in the absence 
of hypermultiplets and give the conditions for potential hypermultiplet gaugrngs that 
can evade it. We briefly comment on the analogous implications for supersymmetric 
non-rotating black holes and black rings in 5d. 



Lessons from 

the Vacuum Structure 

of 4d = 2 Supergravity 



Lessen uit 

de Vacuumstructuur 

van 4cd N = 2 Superzwaartekracht 

(met een samenvatting in het Nederlands) 



Proefschrift 

ter verkrijging van de graad van doctor aan de Universiteit Utrecht 
op gezag van de rector magnificus, prof. dr. G. J. van der Zwaan, 
ingevolge het besluit van het college voor promoties in het openbaar 
te verdedigen op vrijdag 1 jxini 2012 des middags te 2.30 uur 

door 

Kiril Petrov Hristov 

geboren op 30 maart 1985 te Sofia, Bulgarije 



Promotor: Prof. dr. S. J. G. Vandoren 



This thesis was accomplished with financial support from the Huygens Scholarship 

Programme of the Netherlands Organization for International Cooperation in Higher 
Education (NUFFIC) and from the Netherlands Organization for Scientific Research 
(NWO) under the VICI grant 680-47-603. 



Contents 



Publications 

1 Introduction and motivation 

2 D = iN = 2 Supergravity 

2.1 The full bosonic lagrangian 

2.2 The graviton multiplet . . . 

2.3 Vector multiplets 

2.4 Hypermultiplets 

2.5 Symmetries 



I Maximal Supersymmetry ^ 



Fully supersymmetric vacua 

3.1 Introduction 

3.2 Supersymmetry transformations .... 

3.3 Scalar potential and equations of motion 

3.4 Examples 



Supersymmetry preserving Higgs mechanism 5; 

4.1 Introduction 51 

4.2 Solution generating technique 5( 



II Black Hole Solutions |53 

5 Asymptotically flat black holes 61 

5.1 Introduction 61 



5 



Con ten fe 



Contents 



5.2 Ungauged theory ^ 

5.3 Gauged theory ^ 

Asymptotically AdS black holes ^ 

6.1 Introduction ^ 

6.2 Spherical solutions ^ 

6.3 Static magnetic spherical BPS black holes ^ 

6.4 Black branes and toroidal black holes 106 



6.5 Higher genus black holes lOS 



III Superalgebras and BPS Bounds |111 



Conserved supercharges |113 

7.1 Introduction 113 



7.2 Supercurrents and charges from the Noether theorem 114 



8 BPS bounds in minimal gauged supergravity |119 



8.1 Introduction 119 



8.2 Minimal gauged supergravity |122 



8.3 Two different BPS bounds with spherical symmetry |124 



8.4 Non-spherical BPS bounds |132 



8.5 Superalgebras |134 



9 BPS bounds in the matter-coupled theory |139 



9.1 Introduction and general results |139 



9.2 Asymptotically flat solutions |14C 



9.3 AdS4 asymptotics |144 



9.4 mAdS4 asymptotics |147 



9.5 RiAdS4 asymptotics |15C 



9.6 Final remarks 152 



10 Black hole superalgebras |155 



10.1 Introduction 155 



10.2 Near-horizon superalgebras |157 



10.3 Asymptotic superalgebras |159 



10.4 Black hole superalgebras and a no-go theorem |16C 



10.5 A glance at black objects in |165 



6 



Contents 



Contents 



11 Discussion and Outlook 167 

11.1 Lessons 167 

11.2 Future directions |l69 

A Notation, conventions and spacetimes 175 

A.l Notation and conventions 175 

A. 2 Metrics and field strengths 178 

B Integrability conditions 179 

B. l Commutators of supersymmetry tranformations 179 

B.2 Fully BPS vacua 179 

B.3 Half BPS vacua |l80 

C Isometrics of special Kahler manifolds |l83 

D The universal hypermultiplet |l85 

E Asymptotic Killing spinors 187 

E.l AdS4 187 

E.2 Magnetic AdS4 188 

E.3 Riemann AdS4 |l89 

F Rotations in AdS4 ^ 

G Supercharge of the general gauged theory 193 

G.l Additional details on = 4 iV = 2 gauged supergravity |l93 

G.2 Supersymmetry charge 194 

Acknowledgements 197 

Bibliography ^9 



7 



Publications 



The main chapters of this thesis are based on the following (mostly published) works: 

• chapter 3: 

^ K. Hristov, H. Looyestijn and S. Vandoren, Maximally supersymmetric solutions 
ofD = 4N = 2 gauged supergravity, }HEP 11 (2009) 115. 

• chapters 4, 5: 

[§] K. Hristov, H. Looyestijn and S. Vandoren, BPS black holes in N = 2 D ^ A 
gauged supergravities, }HEP 08 (2010) 103. 

• chapter 6: 

K. Hristov and S. Vandoren, Static supersymmetric black holes in AdS^ with spher- 
ical symmetry, JHEP 04 (2011) 047. 

• chapters 7, 8, 9: 

[Q] K. Hristov, C. Toldo and S. Vandoren, On BPS bounds in D — 4 N = 2 gauged 
supergravity, JHEP 12 (2011) 014. 

K. Hristov, On BPS Bounds in D — i N = 2 Gauged Supergravity U: General 
Matter couplings and Black Hole Masses, JHEP 03 (2012) 095. 

K. Hristov, C. Toldo and S. Vandoren, Black branes in AdS: BPS bounds and 
asymptotic charges, proceedings of the "XVII European Workshop on String Theory 
2011", Padova, Italy, 5-9 September 2011 

• chapter 10: 

K. Hristov, new unpublished material. 

Other publications, to which the author has contributed: 

• [0] K. Hristov, Axion Stabilization in Type IIB Flux Compactifications, JHEP 01 (2009) 
046. 



9 



Chapter 1 



Introduction and motivation 



The main subject of this work, the analysis of the vacuum structure of four-dimensional 
N = 2 supergravity, might at first seem rather technical and disconnected from the 
fundamental questions of modern high energy physics. This thesis is after all just a 
case study of a particular theory that is ill-defined at high energies and does not seem to 
describe the physics of our imiverse even only at an effective level. The very meaning of 
"vacuum structure" is somewhat obscure and the question which background solutions 
are "vacua" will be further pursued in the main body of this work. Nevertheless, 1 
will try to argue that classifying and imderstanding the various solutions in D = 4 
N = 2 supergravity is in fact very much relevant for a number of important topics. This 
particular supergravity theory is connected in numerous direct or more subtle ways to 
different branches of theoretical physics, a more detailed account of which follows. This 
list encompasses a number of major topics in high energy physics at present. However, 
due to the vast amount of research topics, it is far from being comprehensive and some 
interesting implications have been omitted. 



General Relativity 

General Relativity (GR) has been one of the two hugely successful and groimdbreaking 
ideas in 20th century physics. It is essentially a classical theory of gravity, developed 

by Einstein to reconcile his special theory of relativity with the notions of gravitational 
acceleration and space and time. GR introduces the revolutionary idea that the space 
and time are not just a background for physics to happen, but a dynamic part of it. Thus 
matter can influence and change the curvature of the spacetime, which in turn dictates 
the motion of matter. These ideas have been tested and verified in numerous experi- 
ments since they were first published in 1915, and GR is at present the best established 
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and least controversial theory in physics[J. Crucially, GR predicts its own failure at small 
scales due to the generic appearance of singularities in spacetimes. In this sense it is an 
incomplete theory and it is generally thought that GR should be viewed as the classic 
limit at low energies (large scales) of a more fimdamental theory of quantum gravity. 

Notice that, although GR is a relatively old and well-understood theory, we are 
very far from having a full classification of its possible solutions, i.e. of the spacetime 
and matter configurations permitted by the Einstein equations. Many attempts have 
been made but due to the infinite possibilities for matter couplings to gravity this is a 
hopeless task in its full generality. It is also important to understand which solutions are 
physically possible, starting from some realistic assumptions for the matter inside our 
universe. This is related with the well-known cosmic censorship conjectures (see e.g. 

for more details). It is here that studies of I? = 4 TV = 2 supergravity solutions can 
be connected with the theory of GR. At the classical level, N = 2 supergravity is just a 
particular type of relativistic theory coupled with matter. However, due to the presence 
of supersymmetry its symmetric solutions are governed by first instead of second order 
differential equations. This makes classification of solutions a much more feasible task, 
although it has also not been accomplished yet. Further details on the progress towards 
classification will be presented in the main body of this thesis. 

Quantum gravity 

The other paradigm shift of 20th century physics was the quantum theory, explaining 
how things at the very small scales behave. The foundations of the quantum theory 
were laid by Planck's work on black body radiation, giving birth to quantum mechan- 
ics. Subsequent work of Einstein on the photo-electric effect and of Bohr on the atomic 
model led to further cortfrrmation of the quantum theory of particle physics. The non- 
intuitive concepts of uncertainty and probabilistic interpretation, developed further by 
Heisenberg and Schrodinger among others, remain some of the most puzzling physics 
facts. These quantum principles have been of major importance to humanity, giving 
rise to a number of technical applications. A further quantum treatment of relativistic 
electrodynamics led to the formulation of quantum field theory (QFT), the framework 
describing all particle interactions. 

As successful as they have been until now, the principles of quantum mechanics 
have not yet been reconciled with the Einstein theory of General Relativity. As already 
mentioned, GR cannot be a complete theory and it is generally desired and believed that 

^The superluminal neutrinos found in a recent experiment seem to be potentially incompatible with the 
theories of special and general relativity, but further evidence and analysis are needed before more definitive 
statements can be made. At present, it seems likely that the final outcome of the experiment will be in 
accordance with Einstein's theory after some technical errors are corrected. 
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a theory of quantum gravity can be formulated. Any consistent quantum theory that in 
its classical (large scale) limit reduces to GR would in principle qualify for a theory of 
quantum gravity. However, such a theory is notoriously difficult to formulate. There 
have been numerous proposals in literature, but they are all a subject of current research 
and are heavily disputed. Therefore it is fair to say that a theory of quantum gravity has 
not been established yet, while mentioning as most notable candidates at present loop 
quantum gravity and string theory. From this point of view, D = A N = 2 supergravity 
is usually placed inside the broader framework of string theory, but it does not need to 
necessarily take a stand in this competition (see more later). 

It is worth mentioning that we can explore some aspects of the quantum nature 
of gravity even without advocating any of the above mentioned theories. Although 
N = 2 supergravity might not be a sensible quantum theory at very high energies, it is 
believed that the solutions preserving some of the fermionic symmetries of the theory 
remain stable at all energies. This can be used to probe some of the quantum properties 
of gravity. Black hole solutions are particularly interesting in this sense because they 
possess a classical entropy that remains the same in the quantum regime. A full theory 
of quantum gravity has to then explain the microscopic origin of this entropy in terms 
of fimdamental degrees of freedom [ |lo| , ^ij. This quantum aspect is less emphasized in 
the main text, but we will nevertheless be able to gain some intuition and comment on 
it in the concluding chapter. 

String theory 

One of the leading candidates for a theory of quantum gravity, string theory is based 
on a relatively new idea developed in 1970. It assumes that all elementary ingredients 
of nature are strings, instead of particles, propagating in a 10-dunensional spacetime. 
The gravitational interaction in this context is just one of the infinitely many string 
excitations. All other particles that we observe in nature are also supposed to arise via 
the same mechanism. At low-energies string theory can still be described by effective 
particle theories, such as supergravities, and the hope is that eventually this will lead to 
the Standard Model of particle physics. 

The Standard Model is at present the quantum field theory that describes best all 
physical phenomena, except gravity. It is being constantly checked and updated by the 
particle accelerators, presently by CERN's Large Hadron Collider (LHC). In the context 
of string theory, the Standard Model is thought of as a low-energy limit of the theories 
of supergravity, which in turn arise as low-energy limits of string theory. This topic 
within string theory is usually called flux compactification because one needs to split 
the original 10 dimensions into 6 small and compact directions and the 4 dimensions 
we can all see. This way 4-dimensional supergravities arise, and the less amount of 
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supersymmetry there is (quantified by the value of N), the closer to real world physics 
we are. In other words, we live in an = universe. However, this could still happen 
within an iV > theory by the process of supersymmetry breaking. It is conceivable that 
the universe is a = symmetric vacuum that can be foimd in iV = 2 supergravity, 
which in turn is a limiting case of string theory. Whether this is the correct approach to 
embedding our universe in string theory remains highly speculative and there is neither 
theoretical, nor experimental evidence to substantiate it. We will see in more detail in 
what follows that in fact de Sitter (dS) universes like ours are very rarely found and 
generally unstable solutions of supergravity. 



AdS/CFT correspondence 



A field that originated from string theory and now enjoying life of its own, the AdS/CFT 
correspondence is presently generating most of the interest in high energy physics. The 



correspondence was discovered by Maldacena in 1997 Jl2[ | and has its roots in earlier 
ideas of 't Hooft [ |l3| , p^ . It relates quantum gravity on a d-dimensional anti-de Sitter 
(AdS) spacetime and a (d — l)-dimensional conformal field theory (CFT) in the absence 
of gravity. Although the precise correspondence involves the full quantum theories, it 
can also be partially verified in the corresponding classic or semi-classic limits. This is 
where supergravity enters the picture, being the low-energy effective action of string 
theory via flux compactifications. For some particular cases and dimensions the duality 
between the two sides can be made very precise and extremely non-trivial checks in 
the case of AdS^ / CFT4 have been performed, suggesting that the general concept is 
correct. However, mathematically speaking, AdS/CFT remains a conjecture and one is 
even tempted to invert the statement and use it as a definition of quantimi gravity given 
complete knowledge of the dual CFT. 

Connection with the fundamental theory of quantum gravity aside, the real impor- 
tance of AdS / CFT in very recent years has been in its various applications in experimen- 
tally reachable areas of physics. It turns out that even with simple classical solutions, e.g. 
black holes that asymptote to AdS, one can simulate to a good approximation a number 
of physically relevant field theories at strong coupling, such as the quark-gluon plasma 
|l6|l tested at particle accelerators like the LHC and numerous condensed matter 
systems, e.g. [[l7t-|l9|]. It is therefore very important to understand well the possible 
asymptotic AdS solutions in supergravity, a subject that is directly related with the topic 
of this thesis. 
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Supersymmetry and supergravity 

A fundamental particle in a quantum theory can be either a fermion or a boson. This 
defines the quantum statistics it obeys - only a single fermion can occupy a particular 
quantum state at a given time, while no such restriction applies for bosons. Matter 
we know of is made entirely of fermions, e.g. the electrons, the protons and neutrons 
made out of quarks, atoms and molecules made out of electrons, protons and neutrons. 
Bosons on the other hand are the mediators of forces, such as the particle of light, the 
photon, that carries the electromagnetic force. Supersymmetry relates these two differ- 
ent types of particles. Each boson has a fermionic partner, and vice versa, forming a 
pair of superpartners. There can be situations where more than two particles are related 
this way, leading to a higher amount of supersymmetry (i.e. higher N, see the more 
precise meaning in the next chapter). As mentioned above, the Standard Model does 
not exhibit such a symmetry, whereas it is an essential component for supergravities 
and (super)string theory. 

The other essential ingredient of supergravity is of course gravity, i.e. we need to 
describe the graviton, the boson carrying the force of gravity. Its superpartner fermion is 
standardly called the gravitino. There will be N gravitini in any theory of supergravity, 
thus one can think of iV = 2 supergravity as the collection of all possible theories of 
gravity with supersymmetry and exactly two gravitini. There is no further restriction on 
the form of matter that can be included (as long as it exhibits the required symmetry), 
thus we will see that different possibilities for matter-coupled N = 2 supergravities 
exist. 

Originally, supergravities were discovered independently of any connection with 
string theory as separate candidates for theories of quantum gravity [^0|], but it was 
soon realized that they are non-renormalizable, i.e. not well behaved at high energies. 
However, recent progress suggests that in fact D = 4 N = 8 supergravity may be finite 
and thus well-behaved even if non-renormalizable by power counting. All supergravity 
theories are related via a complicated web of dualities, compactifications, and reduc- 
tions. Their interconnection and intrinsic similarity mean that studying one particular 
theory can lead to a better understanding of all of them. In this sense the particular case 
of = 2 among the other 4-dimensional theories is best-suited for making relations 
with others. It does not have so much symmetry to only allow for very restricted classes 
of solutions, and possesses just enough symmetry to be still mathematically tractable. 
This will be explained in more details in the following with explicit examples. Many of 
the tools used for classifying solutions immediately generalize to other supergravities. 
One is thus able to infer many implications about supergravity as a general concept 
from the case study of D = 4 A = 2 supergravity. 

Having introduced supersymmetry and supergravity, we need to say that the no- 
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tion of supersymmetric, or BPS, states is central for this thesis. These are background 
solutions that remain invariant under some of the supersymmetry transformations of 
the theory they exist in. The BPS states, together with the corresponding BPS bounds 
they obey, are the building blocks of the vacuum structure of any supergravity theory. 
Leaving the technical terminology for later chapters, one of the important conceptual 
ideas in this thesis is that every supersymmetric solution in supergravity can be viewed 
as a vacuum in the sense that it defines a groimd state. Another related notion, which 
has a prominent role in this thesis, is the supergroup of symmetries corresponding to a 
given BPS state and described by its superalgebra. BPS states and their superalgebras 
are a bridge between classical and quantum gravity since the existence of supersymme- 
try protects solutions from any high energy corrections that can destabilize them. This 
means that a BPS state in an effective theory such as 4d = 2 supergravity continues 
to exist and keeps its main properties, i.e. superalgebra, in the full quantum theory. 

Thesis contribution 

The relation between the main topic of this thesis and the above short list of major 
branches in theoretical physics might at this point seem rather obscure and sometimes 

contradictory. D = 4 TV = 2 supergravity has been placed among both effective and 
fundamental theories, useful for its BPS solutions while real world physics does not 
exhibit any supersymmetry. This reflects well the state of the art in high energy physics 
at present: there is a general fuzzy pattern of what seem to be the relevant pieces of the 
puzzle and their internal connections. Still, there are many loose ends that need to be 
fitted in the full picture. In this sense the present work has the aim of understanding 
some particular ideas, representing just a single piece in the puzzle of physics. Although 
the results of this work might not be of great importance for solving the puzzle, many 
of the general concepts could turn out to be useful in the future. 

In more precise terms, the study of the vacuum structure of D = 4 iV = 2 super- 
gravity will enable us to make concrete statements on some of the issues mentioned 
above. This unfortunately cannot be achieved with a pure physics intuition and without 
a certain degree of technicality in the discussions. I will therefore use exact definitions 
and try to present only fully rigorous results in the remaining chapters of the thesis, 
returning to more general and speculative discussions in the concluding chapter. 

The direct contributions of this thesis to the major topics introduced above can be 
summarized briefly as follows. In the context of General Relativity, the vacuum struc- 
ture of N = 2 supergravity gives a new perspective on the cosmological censorship 
conjecture. We are going to see how BPS bounds provide a stability criterion on classical 
solutions in GR and project out some undesired solutions. We further use BPS bounds 
and superalgebras to learn more about the quantum gravity aspects of black holes and 
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discuss possible outcomes for the faith of certain (classically) nakedly singular space- 
times in a full quantum gravity regime. Supersymmetric black hole solutions are also 
discussed from string theory perspective, since we show that certain novel classes of 
four-dimensional static black holes can be embedded in M-theory. These are interesting 
for the study of microscopic entropy from brane constructions. Since these new black 
holes have AdS asymptotics, their dual field theories can be of potential use for direct 
applications of the AdS/ CFT dictionary. We give a very detailed analysis of the symme- 
tries of AdS and the conserved charges on its boundary, showing that there are several 
distinct AdS-like vacua in = 2 supergravity. The techniques we use for determining 
supersymmetric solutions, BPS bounds and conserved charges, are directly applicable 
to other supersymmetry and supergravity theories in various dimensions. Several of the 
main chapters in this thesis can thus be used for applications in 10 and 11 dimensional 
supergravities that are of more fundamental nature from string /M-theory point of view. 

These main lessons from the vacuum structure of = 2 supergravity are spread 
somewhat eclectically in the main body of this thesis. This is inevitably due to the 
different mathematical tools needed in the separate parts of the thesis, a more detailed 
account of which follows. 



Thesis content 

In chapter § the theory at question, namely D = i N = 2 supergravity, is introduced in 
some detail. This is done separately for pure supergravity and for the possible matter 
couplings to vector and hypermultiplets. A clear distinction between the gauged and 
ungauged theories is made with explanation of the physical significance in each case. 
This chapter is the groundwork for all further discussions and results in this thesis and 
is thus of central importance. The reader needs to posses a reasonable imderstanding of 
supergravity theory before reading further. 

The remaining main chapters of this thesis are divided into three parts to ease the 
reader in choosing topics. Each of these parts can in principle be read independently 
of the others, although the understanding of certain technical points in part || can be 
facilitated by first reading part | while part || provides some examples for the general 
concepts in part|l|. 

In part | we start with the "easiest" solutions one can find in supergravity theo- 
ries, the ones that follow entirely from supersymmetry. This means that the equa- 
tions to be solved are only first order partial differential equations instead of second 
order. As shown in chapter ^ this is enough to completely determine the solutions 
that preserve all supersymmetries of the action. This is equivalent with saying that 
only fully-supersymmetric (or fully-BPS) solutions are discussed. We then solve the 
differential equations and determine certain algebraic conditions on the fields of the 
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theory that will ensure one can find such solutions. As far as the allowed spacetimes 
are concerned, there are only four possible configurations: three flat vacua, amongst 
which four-dimensional Minkowski space, and one vacuum with constant non-zero 
curvature, AdS4. These solutions are also important in the later chapters when we 
try to find asymptotically flat (Minkowski) or asymptotically AdS black hole solutions 
(see later in part ||). The next chapter of this part, ^ is very similar in spirit. It uses 
some of the identities discovered in the study of fuUy-supersymmetric vacua in order to 
propose a method of generating new solutions with extra matter from already known 
ones. Alternatively, one can view the results as describing a consistent supersymmetric 
truncation for the matter-coupled D = 4 N = 2 theories. This leads to a reduced number 
of degrees of freedom and thus to a simplification of the theory whenever needed. 

Part P deals primarily with the study of black hole solutions in D = 4 N — 2 
ungauged and gauged supergravity. It contains a general summary of all known black 
hole solutions that asymptote either to Minkowski or to AdS space, but focuses on the 
supersymmetric solutions that can be to a large extent fully classified. In chapter || the 
focus is entirely on asymptotically flat black holes. The supersymmetric solutions in 
this case are fully classified in the ungauged theory, and some generic statements can 
be made in the case of gaugings that leave the asymptotics flat. An attempt to find a 
qualitatively new class of solutions with charged hypers is made, but it turns out that 
some of the fields in this case need to be ghosts, which generally renders such solutions 
unphysical. In the next chapter only asymptotically AdS black holes are considered. 
These solutions can only be found in the theories with gauging. They are relevant 
for some applications of the AdS / CFT correspondence and exhibit qualitatively very 
different relation with supersymmetry compared to their flat analogs. We discuss in 
details particularly the case of static supersymmetric black holes that are shown to exist 
only when nontrivial scalar profiles are considered [|2li ^2[| . This is an example where 
the addition of extra matter can crucially change the properties of the spacetime and 
teaches us an important lesson for the supersymmetric vacuum structure. This topic 
comes into focus also in the next part of this thesis. 

The last main part of this work is devoted to superalgebras and BPS bounds in 
D = A N = 2 supergravity. It provides a different viewpoint towards the classifica- 
tion of solutions and some other issues discussed in parts || and 0. It zooms out of the 
particular details of a given solution and concentrates on large classes that have the 
same asymptotics, e.g. asympotically flat or asymptotically AdS solutions of any type. 
In chapter 0, the general procedure of finding the superalgebra of a given field config- 
uration is outlined. Although it is focused on the specific supergravity theory at hand, 
the principles are in fact completely general and thus applicable for any field theory 
possessing supersymmetry (i.e. all supersymmetric field theories and supergravities). 
It turns out that this approach leads to well-defined asymptotic charges for all solutions 
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that asjmiptote to a supersjmimetric vacuum. Thus the technique of holographic renor- 
malization [|2^-^c[| at the boundary of AdS is no longer explicitly needed. In chapter 
H we then concentrate on the simplest type of gauged D — 4 N — 2 supergravity. 
The focus of this chapter is on the surprising fact that there are two different vacua 
with the same AdS asymptotics, differentiated by the value of the magnetic charge. 
The two different superalgebras and BPS bounds are discussed in details and some 
previous confusion in literature is clarified. The next chapter then discusses Z? = 4 
N = 2 supergravity with matter couplings. The main fermionic anticommutator of 
the superalgebra is derived, allowing one to find the relevant superalgebra practically 
in every possible case allowed by the theory. Some particular examples are discussed, 
showing how the black holes from chapter ^ fit in the story. The final chapter of this 
part of the thesis, |l^ presents a very explicit application of the superalgebra analysis 
to the purpose of classifying solutions. The different static BPS solutions of part || 
are discussed and their corresponding superalgebras are derived. This allows us to 
prove a no-go theorem for the existence of spherically symmetric BPS black holes in 
AdS4 in absence of hypermultiplets, while giving a clear prediction on the attractor 
mechanism for such black holes in theories with suitable hypermultiplet gaugings. We 
also show that the near-horizon geometries for black holes in Minkowski and magnetic 
AdS are imique and distinct from each other. We close this chapter with some remarks 
on the possible black hole superalgebras in 5 dimensions, which turn out to be strikingly 
similar to their four-dimensional counterparts. We then give analogous conditions for 
the potential existence of non-rotating BPS black holes and black rings in AdSs. 

In the end of the main body of this work, chapter ^ summarizes and emphasizes 
the important lessons learned from the analysis of the vacuum structure of D — AN = 2 
supergravity. Connections with the issues raised in the present chapter are made and 
some more general statements and conjectures are discussed. The outlook section in- 
cludes a proposal for the microscopic description of black holes in AdS4 via a version of 
the AdS/CFT correspondence. This chapter concludes the relevant physical discussion 
in this thesis. In order to make the main text less technical, some more mathematical 
aspects are left to the appendices. They are referred to inside the main text and are 
included to ensure that this work is self-contained. Additionally, there are plenty of 
references to original work used in this thesis and therefore the interested reader should 
be able to explicitly check and understand all equations and discussions. 



Chapter 2 



D = 4: N = 2 Supergravity 



This chapter gives an introduction to = 4 = 2 supergravity. It is a central chapter 
in this work as it explains the lagrangian and field content that will be used throughout 
the thesis, along with the main notation and conventions. However, it is not a compre- 
hensive review and concentrates on the features of supergravity that are important for 
the purposes of the later chapters. A more thorough introduction to supersymmetry 
can be found in [^l|-^3|l, whereas supergravity is covered in [^^-^^. The connection 
between the four- and ten-dimensional supergravities is reviewed in [^sj-^of. 

We will start directly with the most general bosonic lagrangian oi D ~ 4 N = 2 
supergravity with electric gauging, explaining the main field content and supersym- 
metry variations. The remaining parts of the chapter discuss more carefully the main 
supersymmetry multiplets: the gravity multiplet that is always present in a theory of 
supergravity, and the vector and hypermultiplets that provide additional matter cou- 
plings. Particular emphasis will be put on the difference between ungauged and gauged 
theories and the respective scalar potentials. We finish with a qualitative discussion 
about the other local and global symmetries of the theory. 



2.1 The full bosonic lagrangian 

The standard (two derivative) bosonic part of the on-shell lagrangian of D — A N — 2 
electrically gauged supergravity with ny vector and nn hjrpermultiplets is given b)/^: 

- iff CA^sn e'^-^P'^Af.A^ (^d^A]^ - ^ A,r"4' - V{z, z, q) , (2.1) 
^We always use the action S = J d'^XyJ—gC 
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with potential 



(2.2) 



In what follows we always put fermions to zero on classical solutions, therefore we 
concentrate on the bosonic part of the lagrangian. The fundamental bosonic fields are 
the metric g^jy, ny + 1 vector fields (A = 0, 1, ny), ny complex scalar fields z* 
{i = 1, ny), and Ann real scalar fields (u = 1, inn) called hypers. The fermionic 
degrees of freedom match exactly the bosonic ones because of supersymmetry. There 
are two gravitinos tA/jA (spin 3/2), 2ny gauginos A*"^ (spin 1/2), and 2nH hyperinos Ca 
(spin 1/2), where ^4 = 1, 2. The full lagrangian is supersymmetric, i.e. invariant under 
transforming the bosons and fermions into each other in a particular way. Since we 
eventually put all fermions to zero, all bosonic variations vanish, while the fermionic 
variations read: 

1 

i'"'' '""'""^ ' 2' 
+ T-^-f^eABS^ + igSABl^^e^ = 'D^ea , (2.3) 
^^A'-^ = iW,,z'j^e^ + G-lj^-'e^^'sB + gW^^'sB , (2.4) 
(JeCc = ^^f ^V^<z"7''e^sC„^e^ + gN^SA , (2.5) 

upto terms of higher order in fermions. The two Weyl spinors ea are the arbitrary 
supersymmetry transformation parameters that carry a total of 8 free parameters (in 4 
dimensions). We therefore say that this is an = 2 theory with 8 supercharges (the 
number of supercharges depends on the spacetime dimension). 

The matrices W'^^, and Sab are called the gaugino, hyperino and gravitino 
mass matrices respectively, and are given by 

W'"^^ = kXL^e"^^ + ig'^f^Pla^^ , (2.6) 

N^^2UtklL'', (2.7) 

Sab - '^PIL^oIb ■ (2-8) 
The scalar potential (^.2| ) can be written in terms of the mass matrices as 

V = -QS^^'Sab + \m'^'^''W\^ + N^Nl . (2.9) 

The quantities g-y, Ia^, Ras, L^, fj^^^A^ T^i^v-, G^i/i related with the special geom- 

etry of the vector multiplet moduli space and are explained in detail a bit later, just 
like huv, U^^,k'fi^, lo^j^a^ that come from the quaternionic geometry of the hypermultiplet 
moduli space. The structure constants fnv^ ,ca,t.u are also considered in more detail 
further in the text, while the conventions for the 7, cr, e, C matrices, as well as some 
other notational issues, are left for App. ^ 
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2.2 The graviton multiplet 

The N = 2 graviton multiplet E[ consists of the graviton g^,^, a doublet of grav- 
itinos with positive chirality^ and a gauge field A^^, called the graviphoton (the 
reason for the index will become clear when we introduce the vector multiplets). As 
everjrwhere in this thesis, the negative chirality f ermions are given byi/;^ = (ipf^A)* ■ The 
supersymmetric theories that only consist of the graviton multiplet are called minimal 
supergragravities. 

2.2.1 Ungauged 

The bosonic part of the supersymmetric action for the ungauged D = A N = 2 minimal 
theory is: 

C=\R{g)-\Ff,,Fa^^^ , (2.11) 

with 

n^ = \{d,Al^d,Al) . (2.12) 
The gravitrno variation in this case is just 

The theory remains invariant under global rotations of the gravitino doublet (lA^ti , ^^^2)/ 
i.e. there is a a [/(l)^ x SU{2)ii symmetry group. This symmetry of the action is called R- 
symmetry and is generally present in all iV > 1 imgauged supergravities, corresponding 
to the rotations between the N gravitinos. There is also a local U{1) gauge symmetry 
acting on the vector field. 

2.2.2 Gauged 

We can use the gauge symmetry to gauge some of the global isometries of the theory, 
i.e. the R-symmetry group. One then picks a U{1) subgroup of the U{\)r x SU{2)ji 
and promotes it to a local symmetry (in the same time explicitly breaking the remaining 
global symmetries). This results in the so called minimal gauged supergravity, where 

^Chiral spinors are the eigenspinors of 7^ . Spinors of positive (negative) chirality therefore obey: 

7^X = ±x . (2.10) 
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the gravitinos become charged under the vector field (via a covariant derivative) with 
a charge (couphng constant) g. Due to supersymmetry, the bosonic action also gets 
modified by a negative constant proportional to g^, which effectively plays the role of a 
cosmological constant term: 



cJ-R{g)-^Ff,,F<^^^+?,g\ (2.13) 



The gravitino variation becomes 

with a = 1, 2, or 3 corresponding to the 3 different ways of embedding the U (1) gauge 
group in the original U (1) r x SU (2) r symmetry. 

Notice that although only slightly different, the lagrangians of the gauged and the 



ungauged theories ( [2. 131 ) and ( 2.11 ) will have qualitatively different solutions. In the 
ungauged case one can only have spacetimes with vanishing Ricci scalar as solutions, 
while in gauged case the scalar curvature is forced to be negative: R = — 3g^. There- 
fore already at this stage we can predict that the ungauged theory will give rise to 
Minkowski and other more general asymptotically flat solutions, while the gauged 
theory has an AdS4 vacuum and asymptotically AdS solutions of different types. On 
the other hand, it is certain that de Sitter vacua are not allowed in these simple minimal 
supergravity theories. We in fact need to include more general matter couplings to the 
gravity multiplet in order to make the vacuum structure richer and more interesting. 



2.3 Vector multiplets 

The N — 2 vector multiplet contains a complex scalar z, a doublet of chiral fermions A'^, 
called the gauginos, and a vector field A^^ . 

We then couple a number ny of vector multiplets, with an index i = 1, . . . , ny, to the 
graviton multiplet. We use a common index A = 0, . . . , to group the gauge fields A^^ 
and togetherf[ 

Special geometry 

Supersymmetry requires that the moduli space, described by the metric gij{z, z), is a 
special Kahler manifold [^^. The Kahler property implies that gij is locally the deriva- 

*In the lagrangian Jz.ll) the graviphoton and vector fields mix between each other and appear as 
vector fields A^, A = 0, ny, with corresponding field strengths -F^^- 
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tive of a real function /C 

gij = didjK. , (2.14) 

where dt ~ The function /C is called the Kahler potential. It is not unique as the 
metric gij remains the same under the Kahler transformation 

/C ^ /C + f{z) + f{z) . (2.15) 

The metric typically depends on the fields z*, and could contain regions in field space 
where it is no longer positive definite. Therefore, one has to restrict the fields to the so- 
called positivity domain, where the metric is positive definite. 

The extra property of special Kahler manifolds is the existence of sections and 
Fa, which are holomorphic functions of z' . The Kahler potential K, for the metric g^j, as 
in ( 2.14 ), is then given by 

/C(z, z) = - In [iX^FA - iX^FA] . (2.16) 
From the sections X^ and Fa, we can construct 

^ gK;/2^A ^ j^j^ ^ c'^/^Fa , (2.17) 

/,^ = e'=/2(a,;+9,/C)X^, hAi^ = e^/\d, + d,IC)FA, (2.18) 

where dilC = -^K.. A further requirement of special Kahler geometry is 

X''hA\^~FAft^Q. (2.19) 

The terms proportional to diK, make and hA\i transform covariantly under Kahler 
transformations ( |2.15| ). These terms define the U{1) Kahler connection 

= -'-[d.JCd^z' - cklCd^z') , (2.20) 



that appears in the supercovariant derivative ( p.c 

The period matrix JVat. is defined by the properties 

Fa = AAas^^, hAi, = A^As/f . (2.21) 
It can be shown [Q that the matrix {L-^ f^) is invertible, which gives the expression 



(Si , p.22) 



-1 
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and it additionally follows that Wae is symmetric. We define 

/as = IihAAas , i?As = ReA^AE , (2.23) 

and these matrices appear as couplings in the Lagrangian. /as is invertible and negative 
definite [Q, and therefore each gauge field has a kinetic term with a positive sign. 
Some further identities one can derive are 

i^/Asi^ = -\ , i^/As/f = , (2.24) 

/^/Asi^ - , f^A^ff = -\ar, , (2.25) 



and 

//"s^'/f = (2.26) 

It is sometimes possible to specify the sections and Fa in terms of a single holo- 
morphic function F{X^), called the prepotential. In applications to supersymmetry, F 
is then given as F = ^X^Fa, and is homogeneous of second degree. We then have 
Fa = OxaF and z' = X'/X^. 

Using the period matrix, we define the linear combinations 

T-„ = 2iL^IsAFg- , 
M'^ /^^ ' ^2 27) 

which are the anti-selfdual parts of the graviphoton and matter field strengths (earlier 
denoted by F^^, F^^), respectively. These relations can be inverted to yield 

F^- = zL^F-, + . (2.28) 

Examples 

A simple example of special geometry is given by the prepotential 

F^~''-{X'^X^'-X^X^). (2.29) 

Using a coordinate z — X^ / X'^, and choosing the gauge = 1, the sections X'^ and 
Fa read 

= 1 , = z , -Fb = -j , Fi^iz, (2.30) 
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which are clearly holomorphic functions of z. The metric g^j can easily be computed 



from ( |2.16| ) and reads g = {1 — zz)^- AzAz. We see we have to restrict ourselves to 
|z| < 1 and recognize this as the metric on the Poincare disk. 

Another important class of examples, which arise in Calabi-Yau compactifications in 
string theory, is given by 

where the K-ijk are constant, real numbers, determined by the topology of the Calabi- 
Yau manifold. 

2.3.1 Ungauged 

The bosonic terms in the lagrangian are given by 

^ = \r{9) + g^A^^)^^^^J^,z^ + /as(z)F^^,F^^'' + \RAi,{z)e^"'''^F;:,F% . (2.32) 

As before, we have the Einstein-Hilbert term that now comes together with a non-linear 
sigma model for the complex scalars z*. The third term is the kinetic term for the gauge 
fields, and the last term is a generalization of the S-angle term of Maxwell theory. The 
fermionic supersymmetry transformations now include both gravitinos and gauginos: 

5e^^.A = (9^ - ]uf^ab)eA + \A^eA + T'^i'' tABs'' , (2.33) 
d,X^ = id^z'-^^e^ + G-^l^^^'e^^'eB • (2.34) 

Electro-magnetic duality 

The introduction of vectors allows for one important symmetry of the equations of 
motion in the ungauged theory called electro-magnetic, or e/m, duality. If we define^ 

Gfii/K = i^iivpa r pA I (2.35) 

it turns out that the Bianchi identities for the "electric" field strengths F^^, are the same 
as the equations of motion for the "magnetic" field strengths G^yj^, 



^We are using the standard notation in literature, which unfortunately uses the very similar notations 
G^^A and G^^ for different field strengths. 
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One can therefore rotate and G^^a between each other while keeping the equations 
of motion invariant. It turns out that the relevant symmetry group is the symplectic 
group Sp{2{nv + 1), Z)- The electric and magnetic field strengths therefore make up a 
single symplectic vector. 

The e/m duality also rotates the sections X* and Fa as a symplectic vector in the 
above way in order to keep the equations of motion of the scalar fields invariant. It 
is a symmetry of the equations of motion, but not of the lagrangian. Nevertheless, it 
only changes the lagrangian in a very restricted sense, i.e. it leaves it in the general form 
( |2.32| ) with different g^, /as , ^As due to the change of the sections and field strengths. 
This means that e/m duality transforms between different N — 2 supergravities with 
the same d5mamics. 



Example 

E/m duality essentially relates theories with different prepotentials /sections. A simple 
and often used example is the (electric) STU model that is a special case of ( |2.3l| ) with 
sections X^...X^: 

yl v1 vZ 

F.^ = ^Is^ . (2.38) 

If one now rotates the X^'s and the corresponding Fa's with all possible symplectic 
matrices one will generate the full duality orbit of theories that have the same solutions. 
One particular choice of symplectic rotation (we will give the explicit details in chapter 
|6.3| when we really need them) leads to a different prepotential in the same orbit, the 
magnetic STU model: 

Fmagn = -2W X^ X^ X^ X^ . (2.39) 

Note that not all lagrangians in this or any other given duality orbit come with a pre- 
potential. However, in any given duality orbit there is at least one lagrangian with a 
prepotential. Due to the more compact notation and often simpler calculations one usu- 
ally prefers to deal only with theories with prepotentials, knowing that this is enough 
to capture the dynamics of all possible duality orbits in ungauged D = A N = 2 super- 
gravity. 
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2.3.2 Gauging internal isometries 

We first consider the N = 2 vector multiplets and assume the scalar sector to be invari- 
ant under the isometries 

SgzJ = -fffcXa^, (2.40) 

where are the parameters of the transformations, and we have included a coupling 
constant g. To preserve supersymmetry when we gauge these isometries, the Killing 
vector fields k\ must be holomorphic. 

To close the gauge algebra on the scalars, the Killing vector fields must span a Lie- 
algebra with commutation relations 

[fcA,M -/AE^^^r, (2.41) 

and structure constants /ae'^ of some Lie-group G that one wishes to gauge. Not all 
holomorphic isometries can be gauged within N = 2 supergravity. The induced change 
on the sections needs to be consistent with the symplectic structure of the theory, and 
this requires the holomorphic sections to transform as 



( ) = -.ga^ 



(2.42) 



The first term on the right-hand-side of (|2.42[ ) contains a constant matrix Ts that acts on 



the sections as infinitesimal symplectic transformations. For electric gaugings, which 
we mostly consider in this thesis, we mean, by definition, that the representation is of 
the form 

Ta^('^'' I), (2.43) 

V CA rj 

where /a denotes the matrix (/a)e'^ = JayP' and is its transpose. The tensor ca.eh = (cA)sn 
is required to be symmetric for Ta to be a symplectic generator. Moreover, there are 
some additional constraints on the ca in order for the Ta to be symplectically embedded 
within the same Lie-algebra as in ( 2.41 ). The second term in ( |2.42| ) induces a Kahler 



transformation on the Kahler potential 

5g/C(z, z) = ga^{rK{z) + f^{z)) , (2.44) 

for some holomorphic functions rA(z). Finally, closure of the gauge transformations on 
the Kahler potential requires that 



(2.45) 
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We summarize some other identities on vector multiplet gauging in appendix ^ 

Magnetic gaugings allow also non-zero entries in the upper-right corner of Ta, but 
we will not consider them here. The gauged action, in particular the scalar potential, 
that we consider below is not invariant imder magnetic gauge transformation. To re- 
store this invariance, one needs to introduce massive tensor multiplets, but the most 
general lagrangian with both electric and magnetic gauging is not fully understood yet 
(for some partial results see [^5|-^9||). The theory with mutually compatible electric and 
magnetic gaugings was recently derived in [|5C|]. 

Given a choice for the gauge group ( 2.43| ), one can reverse the order of logic and 



determine the form of the Killing vectors, and therefore the gauge transformations of the 
scalar fields z*. This analysis was done in [^6||, and the result is written in the appendix. 



see ( |C.6D . 



In the lagrangian, one replaces the partial derivatives with the covariant derivatives 

V,z' = d^z' + gie^A^ , (2.46) 

where the gauge fields A'^ transform as SqA'^ — d^j,a^. Notice that the additional terms 
effectively introduce additional couplings for the "electric" gauge fields A'^ but not for 
their magnetic counterparts (one can define them to be the gauge fields S^a from Gf^^A). 
This is why such gaugings are called electric and they break electromagnetic duality. 
Therefore the gauged supergravity lagrangians in this work can no longer be related by 
e/m duality^. Furthermore, the lagrangian contains the full nonabelian field strengths 

f;^. - \ id^^A, - d.A^) + Ihr^Af^Al . (2.47) 

Finally, to preserve supersymmetry, we have to modify the supersymmetry transfor- 
mations and add additional terms to the lagrangian [|3^, such as mass terms for the 



fermions (c.f. (2^)). Also a scalar potential has to be added, given by 

V - g^g^jk^f^kil'^L^ . (2.48) 



The lagrangian and susy variations in this case take essentially the most general 
form as written in the beginning of the chapter, without the terms that concern the 
hypermultiplet sector which we are yet to discuss. However, we first need to give some 
more details on the gauging, concerning the notion of moment maps and the tensor 

CA,sn- 

*In the context of the example presented above with the electric and magnetic STU models, they are 
equivalent only for ungauged siip prg ravity. When gauged, these two models lead to different physics as 
we will show explicitly in chapters |6.3t 
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Moment maps 

The Killing vectors k\ are holomorphic. Using the Killing equation, one finds that they 
can be written as 



(2.49) 



where the real, scalar functions Pa are called moment maps. For special Kahler spaces, 
it is convenient to use instead a definition 



(2.50) 



where ta was defined in equation (|2.42| ). Since the Kahler potential satisfies ( |2.44|) , it is 
easy to show that Pa is real. From this definition, it is easy to verify ( 2.49 ). Hence the 
Pa can be called moment maps, but they are not subject to arbitrary additive constants. 
Using ( [2. 451 ) and ( P.50| ), it is now easy to prove the relation 



(2.51) 



also called the equivariance condition. The U(l) Kahler connection also gets additional 
terms due to the gauging and reads 



A,. 



gA^irA - fA) . 



(2.52) 



Gauge invariance 



Under the gauge transformations ( |2.40[ ), the period matrix A/as transforms. From ( |2.22|) 
one finds 



fcA/As = -ga^ (/nA^^A/'rs + ./hs^Ata + cn,As) 



(2.53) 



To compensate for this transformation, we need to add an additional term to the la- 
grangian [^, which involves the ca tensor. There are some additional constraints on 
this tensor. In the abelian case, the only constraint is that the totally symmetrized c- 
tensor vanishes, i.e. 

CA.sn + cn,As + cs.nA = . (2.54) 

This implies that for a single vector field, the ca tensor term vanishes. The additional 
constraints for nonabelian gaugings involve the structure constants [^l|] : 



r r r r r 

/as cr,nn + /as CA,rn + /ns CA.rn + /ao c^,rn + /ah cs^rn = . 



(2.55) 
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2.3.3 Fayet-Iliopoulos (FI) gauging 

Instead of gauging an internal isometry, one can also proceed in analogy to the mininal 
gauged case, i.e. promote a subgroup of the U{1) n x SU to a local symmetry. This 
is standardly called Fayet-Iliopoulos or FI gauging and involves a number of constants 
that appear in the scalar potential and specify the charge of the gravitinos. These 
will become more clear once we discuss hypermultiplet moment maps in the next sec- 
tion. Here we will just give the lagrangian and susy variations for the U{1) FI gauged 
supergravity that will be used in the later chapters of the thesis. 



C = \R{g) + g,,d^z^d^z^ + Ia^fI^.F^^'^ + ^R^^e^^'^P^ F/^^Fjj, + SL^^L^^C^ , (2.56) 



with FI parameters ^"f^, a — 1,2, or 3 and susy rules 

SA'^ - id^z^re^ + G-lY''^^''eB + ^gg'' fH>"^^'' ■ (2.57) 



If there are enough (at least three) vector fields, one can alternatively choose to 
gauge the SU{2)j^ symmetry. This results in a nonabelian gauged supergravity with 
FI terms, the theory in this case is discussed in |52[ 5^]. The abelian and nonabelian 



gauged supergravities with FI terms can be more easily understood once we discuss 
hjrpermultiplet moduli spaces, to which topic we turn our attention now. 



2.4 Hypermultiplets 

An on-shell N — 2 hypermultiplet consists of four real scalars and two chiral fermions 
Cct • For uh hypermultiplets, we have bosonic fields g", with u = 1, . . . ,AnH and fermions 
(a with a = 1, . . . , 2nH- The bosonic Lagrangian for the hypermultiplets is a non-linear 
sigma model 

C^K^d^q''d''q\ (2.58) 

Supersymmetry now requires the 4nff -dimensional metric to be a quaternionic- 
Kahler space, of negative scalar curvature|. This requires that there are three almost 
complex structures J^, x = 1,2,3, that satisfy a quaternionic algebra 

= -(5^^ + e'=^V^ (2.59) 

quaternionic-Kahler space need not be Kahler, and by a slight abuse of nomenclature, we will refer to 
them as quaternionic spaces. 
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The metric huv is hermitean with respect to each J^, and we can define three quater- 
nionic two-forms K^^, — huw{J^)^v They are not closed, but they are covariantly 
constant with respect to an SU (2) connection w^: 

DK'= = dK"" - e^^^o;^ /\ = . (2.60) 

The SU{2) connection uj^ defines the SU (2) curvature fl^ = dto'^— jc^y^ujy A o;^, and then 
we have the relation 

VL'^ = XK"" , (2.61) 

where A is a non-zero| constant. Supersymmetry requires this constant to be related 
to Newton's constant as A = —k^, and therefore we have A = — 1 (we work in natural 
units where all constants are set to 1). With these units, the Ricci scalar curvature of the 
quaternionic manifold is given as i? = —SnninH + 2), and is therefore always negative. 
We can decompose the metric huv in quaternionic vielbein U.^" as 

Kv = U^'^U^'^Cc^^EAB , (2.62) 
where Cap and cab are the antisymmetric symplectic and SU (2) tensors. 



The universal hypermultiplet 

As an example of a quaternionic space, we discuss the so-called "universal hypermul- 
tiplet". In compactifications of type 11 string theory one tj'pically finds a number of 
hjrpermultiplets. One of them is always present, and is therefore called the universal 
hjrpermultiplet. 

It is possible to construct consistent truncations, such that it is the only hypermulti- 
plet. The metric is then the coset space SU (2, 1) /U{2), which can be written in terms of 
the real coordinates {r, x, 'P, c} as 



(dr^ + r (dx' + d(^2) + (dcT + xd(p)') • (2-63) 



The field r is called the dilaton and the metric is restricted to the region where ?■ > 0. 
Its expectation value (r) determines the string coupling constant gs via gs = V{r)~^^^, 
where V is the volume of the Calabi-Yau space. For more details about the universal 
h}rpermultiplet and its isometries see appendix]^ 



^When A = 0, we have a hyper-Kahler manifold, which features in the rigid N = 2 hypermultiplet. 
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2.4.1 Ungauged hypermultiplet sector 

In the case when the hypermultiplet sector is not gauged, one can just directly add 



the bosonic piece (|2.58[) to the full supergravity lagrangian, i.e. the ungauged hyper- 
multiplets couple minimally with the gravity multiplet and do not directly couple to 
the vectormultiplet fields. One is therefore still free to gauge an internal isometry in 
the vector multiplet sector and keep the hypermultiplets ungauged. Gaugings of the R- 
symmetry are however no longer possible if we want to keep the hypermultiplet scalars 
ungauged. We still need to mention the hyperino supersymmetry variation, which is 
simply 

5,C^ = lU^^d^q^^eABC^pe^ . (2.64) 
2.4.2 Gauged quaternionic isometries 

Similar to the vector multiplet scalars, the hjrpermultiplet lagrangian ( 2.58| ) has its isome- 



tries as global symmetries, and we can gauge them. The transformation of the scalars is 
denoted as 

Saq" = ~9~kla^ , (2.65) 



and these Killing vectors fc]( form a representation of the same gauge algebra as in ( [2.41[ ): 

[^A,fcE] =/As^^r. (2.66) 

These gaugings again introduce additional fermionic terms and a scalar potential, as 
given in (^^). The full bosonic lagrangian and supersymmetry transformations for gen- 
eral hypermultiplet and vector multiplet gaugings were already given in the begrnnrng 
of this chapter. 

Moment maps 

Although the quaternionic spaces are not complex, we can still define moment maps for 
the quaternionic Killing vectors. The moment maps Pjf are defined by 

K.kl - DaP^ ^ duPl - e-^'iolPl . (2.67) 

Using these, we find the equivariance condition 

K.klkl + \e-^'PlPi = ^/AE^Pf . (2.68) 
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The SU{2) connection gets modified to 

= a^(z"w„ + 5<^A a"" , (2.69) 

where Paa^ = ^'^^a^Pa- In absence of hypermultiplets, uh = 0, and for suitable 
structure constants /ay:^, it is possible to keep the P^'s as non-zero constants, stan- 
dardly denoted This is only possible if the gauge group contains SU{2)ii or U{1)r 
factors. Such constants are called Fayet-Iliopoulos (FI) terms, as already explained. 



2.5 Symmetries 

We have already mentioned several types of symmetries of the lagrangian, but here we 
go over the symmetries of = 4 iV = 2 supergravity a bit more comprehensively, 
skipping technical details. A detailed technical account can be found in [|55|| . We will 
separate the symmetries in three categories: local symmetries, global symmetries, and 
dualities, or equation of motion symmetries. It is important to stress that the following 
symmetries concern only the supergravity action, not its solutions. Any given solution 
could preserve a part of the original symmetries, but this is strictly case dependent and 
will be discussed when we turn our attention to solutions of the theory in the remainder 
of this thesis. 



Local symmetries 

The local symmetries are: general coordinate transformations, local Lorentz transfor- 
mations, gauge invariance, and of course local N = 2 transformations. We have given 
details about the supersymmetry transformations, while the others are very standard 
physical symmetries so we will not spell them out more explicitly here. Note that the 
general coordinate, local Lorentz, and gauge transformations are all parametrized by 
a bosonic parameter, i.e. they are bosonic symmetries. On the other hand, supersym- 
metry is a fermionic symmetry (parametrized by the spinors ea)- The commutator of 
two supersymmetry variations is then also a bosonic quantity, and is in fact always a 
linear combination of the bosonic symmetries present. In this sense, the supersymme- 
try transformations of a given theory are always explicitly dependent on the bosonic 
symmetries. Therefore D — 4 N — 2 supergravity always comes with all the above 
listed local symmetries, while the global symmetries and dualities can depend on the 
details of the multiplets included. 
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Global symmetries 

The different global symmetries were already mentioned above. Apart from the R- 
symmetry group that is fixed by being 2, the other global symmetries need not always 
be the same. These are the internal symmetries of the special and quaternionic Kahler 
manifolds of the vector and hypermultiplet scalars. All the global symmetries can be 
promoted to local ones using the gauge fields. This is the process of gauging that was 
explained for the various parts of the lagrangian above. Therefore it is not always 
easy to distinguish between local and global symmetries of the action. In some cases 
promoting a part of a global symmetry to a local one can break the remaining global 
symmetry, e.g. the Fl gaugings breaking the SU{2)n x U{\)b. to a gauged U{1)b_ or 
SU{2)b. Note that although local and global symmetries might seem hard to distin- 
guish and are related to each other mathematically, their physical meaning is strikingly 
different. Local symmetries in the theory signify redundant degrees of freedom, i.e. 
they are not real physical symmetries. On the contrary, the global symmetries are truly 
characterizing the physical system and thus provide means of understading any given 
vacuum at consideration, as will be discussed more explicitly in part|l| of this thesis. 

Dualities 

We already discussed the meaning of dualities when we introduced electro-magnetic 
duality above. They are important for this work because they are symmetries of the 
equations of motion, i.e. solutions of the theory are forced to respect them by construc- 
tion. This often turns out to be a good guiding principle for constructing general classes 
of solutions. E/m duality can even be used for the construction of the supergravity la- 
grangian itself. Restoring it in the case of gauged supergravity leads to the formulation 
of magnetically gauged theories [ [i^ [i^ po| ] that will be discussed in more details when 
needed. 



Parti 

Maximal Supersymmetry 



Chapter 3 



Fully supersymmetric vacua 



3.1 Introduction 



In this chapter, we study the configurations that preserve maximal supersymmetry, 
i.e. the classical solutions of the general lagrangian ( 2A ) that preserve all eight super- 
charges. These models include arbitrary electric gaugings in the vector and hyper- 
multiplet sectors. We present several examples of such solutions and connect some 
of them to vacuum solutions of flux compactifications in string theory It is of general 
interest to study four-dimensional supersymmetric string vacua and their low-energy 
effective supergravity descriptions. Firstly, in the context of flux compactifications and 
gauged supergravities, one is motivated by the problem of moduli stabilization and 
the properties of string vacua in which these moduli are stabilized. Often, one focuses 
on supersymmetric vacua since there is better control over the djmamics of the theory, 
though for more realistic situations, e.g. in accelerating cosmologies, the vacuum must 
break all supersymmetry. Secondly, we are motivated to look for new versions of the 
AdS4/CFT3 correspondence. The recently proposed dualities studied in [|6|] are based 
on AdS4 string vacua preserving 32 or 24 supersymmetries. Versions of the AdS/CFT 
correspondence with less amount of supersymmetry are not yet well established, but are 
important for studying aspects of four-dimensional quantum gravity, and potentially 
also for certain condensed matter systems at criticality described by three-dimensional 
conformal field theories. 

In string theory, ungauged N = 2 models arise e.g. from Calabi-Yau compactifica- 
tions of type II string theories or K3 x compactifications of the heterotic string. Both 
models are known to have a rich dynamical structure with controllable quantum effects 
in both vector and hypermultiplet sectors that are relatively well understood. Gaugings 
in = 2 supergravity are well studied and have a long history |3[ ^Tj-jsifl . Their 
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analysis in terms of string compactifications with fluxes started in [|62|-|54|], and is an 
ongoing research topic. For a (partial) list of references, see |j65|-^2|l. 

In the ungauged case, a complete classification of all the supersymmetric solutions 
already existed [p3|-^6||, and there were some partial results in the gauged case for 
(abelian) vector multiplets [^^-^9|]. We extend this by taking completely general vector 
and hypermultiplet sectors. Since we concentrate only on the maximally supersym- 
metric solutions, we use different methods than the ones in the above references. The 
spacetime conditions we obtain for our solutions closely resemble other maximally su- 
persymmetric solutions in other dimensions such as [|80| 1. 



Plan of this chapter 



In section |3.2| we analyze the supersymmetry rules and derive the conditions for max- 
imally supersymmetric vacua. The possible solutions divide in two classes of space- 
times, with zero scalar curvature and with negative scalar curvature, and we explicitly 
list all the possible outcomes. We discuss further the scalar potential for the obtained 
vacua in section and show that they automatically satisfy all equations of motion. 



In section |3.4[ , we consider explicit cases from string theory compactifications and gen- 
eral supergravity considerations that exemplify the use of our maximal supersymmetry 
conditions. Some helpful identities and notation are left for the appendices, where we 
also present some intermediate formulas that are important for our results. 



3.2 Supersymmetry transformations 

We consider in this section vector multiplets, hypermultiplets and the gravitational mul- 



tiplet, with arbitrary electric gaugings as given by the general lagrangian {2A). It can 
be seen by inspection that the maximally supersymmetric configuration^ are purely 
bosonic, and the fermions need to be zero. This follows from the supersymmetry vari- 
ations of the bosonic fields, which can be read off from [^. Therefore, we can restrict 
ourselves to the supersymmetry variations of the fermions only. 



3.2,1 Gauginos 

As seen in the previous chapter, the transformation of the gauginos is given by 

S,y^ = tV^z'^e^ + G'^.r^e^^'eB + gW^^'es , (3.1) 

'We remind the reader that in this thesis we use interchangeably the terms supersymmetric configurations 
and BPS configurations, meaning the field expectation values that are invariant under some supercharges in 
the theory. 
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up to terms that are higher order in the fermions and which vanish for purely bosonic 
configurations. 

A maximally supersjonmetric configuration preserves all eight supercharges, hence 
the variation of the fermions should vanish for all choices of the supersymmetry param- 
eters. Since at each point in spacetime they are linearly independent, the first term on 



the right hand side of ( 3A ) must vanish separately from the others, 

V^z' = 9^z^ + g^;^A:X = 0. (3.2) 
It implies the integrability condition^ 

F^,}e^ = Q, (3.3) 
and complex conjugate. Here, Fj^^ is the full non-abelian field strength, given by 

Fll. = \{d,A, - d.A^) + \f^T''AlAl . (3.4) 
The second and third term in the supersymmetry variation of the gauginos, equation 



(|3.1| ), need also to vanish separately, since they multiply independent spinors of the 



same chirality. For the second term, this leads to 

G;;=0, (3.5) 



where 5'^ is the inverse Kahler metric, with Kahler potential /C from ( |2.16| ). 



Finally, setting the third term in the supersymmetry variation to zero leads to 

W'^^ = kXL^e^^ + ig'^f^Pla^^ = . (3.6) 



Close inspection of (|3.6| ) shows that both terms are linearly independent in SU{2)ii 



space, hence they must vanish separately. 



and their complex conjugates. 



klL^ = , FX//" - , (3.7) 



3.2.2 Hyperinos 

The hyperinos transform as 

S.Cc = lU^^V^q'^re^^AB'C^p + gN^SA , (3.8) 



i^We will assume in the remainder of this chapter that the gauge coupling constant g ^ 0. The case of g = 
is treated in the literature in e.g. [ |75[ |76fl . 
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again, up to terms that are of higher order in the fermions. The hyperino mass matrix 
is defined by 

N^^2U^J:IL'^. (3.9) 
Simila rly as for the gauginos, N ^ 2 supersymmetric configurations require the two 



terms in ([3.8| ) to vanish separately. Since the quaternionic vielbeine are invertible and 



nowhere vanishing, the scalars need to be covariantly constant, 

V^q^ = d^q"+gAfM^O, (3.10) 
implying the integrability conditions 

Ff^.kl = 0. (3.11) 



Furthermore, there is a second condition from ( p.8| ) coming from the vanishing of the 
hyperino mass matrix . This leads to 

klL^ = , (3.12) 

and complex conjugate. 

In the absence of hypermultiplets, i.e. when nn = 0, the N = 2 conditions from the 



variations of the hyperinos disappear. However, the second condition in (|3.7| ) remains, 
with the moment maps replaced by FI parameters. Our formalism therefore automati- 
cally includes the case hh — 0. 

3.2.3 Gravitinos 

The supersjonmetry transformations of the gravitinos are (up to irrelevant higher order 
terms in the fermions) 

Selpfj^A = VpEA + T~^YeAB£^ + igSABlf^S^ ■ (3.13) 



Here, V^e^ is the gauged supercovariant derivative (specified in equation ( |2.3| )). 

Notice again that for uh = 0, in fact even also in the absence of vector multiplets 
when nv = 0, the gravitino mass-matrix Sab can be non-vanishing and constant. In the 
lagrangian, which we discuss in the next section, this leads to a (negative) cosmological 
constant term. The anti-selfdual part of the graviphoton field strength T^^ satisfies the 



identity ( |2.28D 



f;^- = tL^T-, + 2ftG'- , (3.14) 

with G^" defined in (|2.27|) . From the vanishing of the gaugino variation, we have that 
G^^ = 0, so a maximally supersymmetric configuration must satisfy -F^^^ = iL^T^^, or 

F;^u = - ^i^T+ . (3.15) 
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Using this, we then see that equation ( p.l2| ) implies the integrabihty conditions ( [3.11[) in 
the hypermultiplet sector. For the integrability equations in the vector multiplet sector, 
the situation is more subtle, as the Killing vectors are complex and holomorphic. Now, 
the BPS condition only implies that 



(3.16) 



In appendix ^ we show that k\L^ = is an identity of the theory, and hence the in- 
tegrability condition is always satisfied. The integrability condition might only locally 
be sufficient, but this is fine for our purposes. One might however check in addition 
whether the covariant constancy of the vector multiplet scalars imposes further (global) 
restrictions. 

To solve the constraints from the gravitino variation, we must first look at the gauged 
supercovariant derivative on the supersymmetry parameter, c.f. (|2.3|) 



V^e^ = (9^ - Tt^u 7ab)£A + T^A^EA + £B 



(3.17) 



Besides the spin connection , there appear two other connections associated to the 
special Kahler and quaternion-Kahler manifolds. We need to compute their curvatures 
since they enter the integrability conditions that follow from the Killing spinor equa- 
tions. The first one is called the gauged U{\) Kiihler-connection, defined by 



Under a gauge transformation, one finds that 



SgA,, 



gd^ a^{rA - ^a) 



The curvature of this connection can be computed to be 



(3.18) 



(3.19) 



(3.20) 



where Pa is the moment map, defined in ( 2.50 ), and we have used the equivariance con- 
dition ( 2.51 ). For maximally supersymmetric configurations, the scalars are covariantly 



constant and hence the curvature of the Kahler connections satisfies = — ^F^^Pa. 

The second connection appearing in the gravitino super symm etry variation is the 
gauged Sp{l) connection of the quaternion-Kahler manifold ( 2.69 ). It reads 



^uA 



'9 At Pa a' 



(3.21) 



where uJuA^ is the (ungauged) Sp{l) connection of the quaternion-Kahler manifold, 
whose curvatures are related to the three quaternionic two-forms. The effect of the 
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gauging is to add the second term on the right hand side of ( 3.21 ), proportional to the 



triplet of moment maps of the quaternionic isometries, with Paa^ — '^P^i'^^) ■ 



curvature of ( |3.21[) can then be computed to be 



n^^A^" = 2r!„,„A''V[^g"V,]<z" +gF;:t^'AA'' , (3.22) 
where a^ is the quaternionic curvature. For fully BPS solutions, we therefore have 



A 



We can now investigate the integrability conditions that follow from the vanishing 



of the gravitino transformation rules (|3.13|) . From the definition of the supercovariant 
derivative ( 3.17 ), we find|^ 



[V^, V,]£A = - Ji?M.°'7afc SA - igF^^PASA + 2.9F;^,Pa A^'es , (3.23) 

where we have used the covariant constancy of the scalars. We recall that Pa are the 
moment maps on the special Kahler geometry, whereas Paa^ are the quaternion-Kahler 
moment maps. Alternatively, we can compute the commutator from the vanishing of 
the gravitino variations spelled out in (^!^). By equating this to the result of (t3.23 ), we 



get a set of constraints. Details of the calculation are given in appendix ^ and the 
results can be summarized as follows. First of all, we find the covariant constancy of the 
graviphoton field strength]^ 

DpT+=0. (3.24) 
Secondly, we get that the quaternionic moment maps must satisfy 

^xyzpy-p^ = , P"^ = L^Pl . (3.25) 

Moreover, there are cross terms between the graviphoton and the moment maps, which 
enforce the conditions 

P+P- = 0. (3.26) 

This equation separates the classification of BPS configurations in two sectors, those 
with a solution of P^ = at a particular point (or locus) in field space, and those with 
non- vanishing P^ (for at least one index x) but T^i, = 0. We will see later on that this 
distinction corresponds to zero or non-zero (and negative) cosmological constant in the 
spacetime. 



Strictly speaking, we get the supercovariant curvatures appearing in ( ?.23 l, which also contain fermion 
bilinears. Since the fermions are zero on maximally supersymmetric configurations, only the bosonic part of 
the curvatures remains. 

^^Recall that T+ and T~ are related by complex conjugation, and hence the vanishing of DT+ implies 
DT = 0. 
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Another requirement that follows from the gravitino integrability conditions is 

f!^,Pa = 0, (3.27) 



where Pa is defined in (|2.50|) , and is real. Using (|3.15|) , this is equivalent to the condition 



which is satisfied as P^L^ = 0, so ( 3.27 ) does not lead to any new constraint. 
Finally, there is the condition on the spacetime Riemann curvature. It reads 



(3.28) 



(3.29) 



It can be checked that this leads to a vanishing Weyl tensor, implying conf ormal flatness. 
From the curvature, we can compute the value of the Ricci-scalar to be 



R = -Ug^P'^P^ . 



(3.30) 



Hence, the classification of fully supersymmetric configurations separates into negative 
scalar curvature with P^P^ ^ 0, and zero curvature with = at the supersymmetric 
point. In both of these cases there are important simplifications. 



Negative scalar curvature 

The case of negative scalar curvature is characterized by T^,y = and P^P^ at the 
supersymmetric point. Since the BPS conditions imply that then both T^^ and — 
(see equation ( |3.5|) ), we find that all field strengths should be zero: P^^^ = 0. The gauge 
fields then are required to be pure gauge, but can still be topologically non-trivial. Fur- 
thermore, because of the vanishing field strengths, the integrability conditions on the 
scalar fields are satisfied, and a solution for the sections X* (z) is obtained by a gauge 
transformation on the constant (in spacetime) sections. Finally, the Riemann tensor is 
given by 

Rp^vpa = g'^P^'P'' [gp^gup - guag^p) , (3.31) 

which shows that the space is maximally symmetric, and therefore locally AdS4. The 
scalar curvature is P = —12g^P^P^. 



Zero scalar curvature 

The class of zero curvature is characterized by configurations for which P^ = at the 
supersymmetric point. In this case, we can combine the conditions P^}^ — and 
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= PIL'^ ^ into 



The matrix appearing here is the invertible matrix of special geometry (as used in ( p.22| )), 
hence we conclude that P^ — Q. The Riemann tensor is then 

R^upa = 4T+^T7. - (A* ^ ^) ■ (3.33) 



From the covariant constancy of the graviphoton, condition ( 3.24 ), we find DpRf^^^r = 0. 
Spaces with covariantly constant Riemann tensor are called locally symmetric, and they 
are classified, see e.g. |^ |8|]. In our case we also have zero scalar curvature, and 
then only three spaces are possible: 

1. Minkowski space M4 (T^i, = 0) 

2. AdSaxS^ 

3. The pp-wave solution 

The explicit metrics and field strengths for the latter two cases are listed in appendix |A.2| , 
while M4 and AdS4 are further discussed in great detail in the coming chapters of this 
thesis. 



3.2.4 Summary 

Let us now summarize the results. There are two different classes: negative scalar cur- 
vature (leading to AdS4) and zero scalar curvature solutions (leading to M4, AdS2 x 
or the pp-wave). 

The result of our analysis is that all the conditions on the spacetime dependent part 
are explicitly solved[^ and the remaining conditions are purely algebraic, and depend 
only on the geometry of the special Kahler and quaternionic manifolds. The solutions to 
these algebraic equations define the configuration space of maximally supersymmetric 
configurations. There are two separate cases: 

^^This is apart from the scalar fields and Killing spinors, which are spacetime dependent. The integrability 
conditions that we have imposed guarantee locally the existence of a solution, although we did not explicitly 
construct it. Its construction cannot be done in closed form in full generality, but can be worked out in any 
given example | p5| l. 
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Negative scalar curvature (AdS4) 

This case is characterized by configurations for which P^P^ 7^ at the supersymmetric 
point. The BPS conditions are 

which shotild be satisfied at a point (or a locus) in field space. The field strengths are 
zero, F^^, — 0, and the space-time is AdS4 with scalar curvature R = —12g^P^P^. 

Zero scalar curvature (M4, AdS2 x or pp-wave) 

In this case, the BPS conditions are 

k\L^ = , ~klL^ = , = . (3.35) 

We remind that, when T^^ = (Minkowski space), all field strengths are vanishing 

{F^. = 0). 

3.3 Scalar potential and equations of motion 

As shown in the previous chapter, the scalar potential can be written in terms of the 
mass-matrices, 

V = ^QS^^'Sab + \9.jW'^''w\b + N^N% . (3.36) 

Since the gaugino and hyperino mass-matrices, W^^^ and respectively, vanish 
on iV = 2 supersymmetric configurations, one sees that the scalar potential is semi- 
negative definite, and determined by the gravitino mass-matrix Sab- Even in the ab- 
sence of vector and hypermultiplets, the gravitino mass-matrix can be non-vanishing, 
leading to a negative cosmological constant in the lagrangian. We thus find for N = 2 
preserving configurations 

V = -Sg^L^L^P^P^ . (3.37) 

In the absence of hypermultiplets, N = 2 preserving AdS4 vacua can therefore only be 
generated by non-trivial Fayet-Illiopoulos terms. 

It can be verified that maximally supersymmetric configurations also solve the equa- 
tions of motion. To show this, one varies the lagrangian ( ^^ ) and uses the identi- 



ties ([2.54[ ), ( [2.55D and the formulas in section p.2.% After a somewhat tedious but straight- 



forward computation one sees that all equations of motion are indeed satisfied by the 
maximally supersymmetric configurations. 
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3.4 Examples 

In this section we list some (string theory motivated) examples of N = 2, D = 4 theories, 
leading to = 2 supersymmetric configurations. We first mention briefly some already 
known and relatively well-understood N = 2 vacua from st ring t heory and then con- 



centrate on our two main examples in subsections [3.4. 1| and |3.4.2| that exhibit best the 
different features discussed above. In the last subsection we include some supergravity 
models, not necessarily obtained from string compactifications, leading to AdS4 vacua 
that can be of interest. 

Obtaining gauged N = 2, D = 4 supergravity seems to be important for string the- 
ory compactifications since it is an intermediate step between the more realistic = 1 
models and the mathematically controllable theories. Thus in the last decade there 
has been much literature on the subject. An incomplete list of examples consists of 
[ |65| , |6^-]7^] and it is straightforward to impose and solve the maximal supersymmetry 
constraints in each case. In some cases the vacua have been already discussed or must 
exist from general string theory /M-theory considerations. 

For example, it was found that the coset compactifications studied in do not 
lead to 2 supersymmetric configurations. This can also be seen from imposing the 
constraints in section 3.2.4 . In contrast, the compactification on K3 x T'^/Z2 presented 



in [ pq ] does exhibit N = 2 solutions with non-trivial hypermultiplet gaugings. The 
authors of [ |6^ explicitly found N = 2 Minkowski vacua by satisfying the same susy 



conditions as in section |3.2.4| . From our analysis, it trivially follows that also the pp- 
wave and the AdS2 x backgrounds can also be found in these theories. 

A similar example is provided by the (twisted) K3 x T'^ compactification of the 
heterotic string, recently analyzed in [|7^]. For abelian gaugings, one can verify that 
the three zero scalar curvature vacua are present in these models. 

We now turn to discuss the remaining models in more detail. 



3.4.1 M-theory compactification on SU(3) structure manifolds 

There is a very interesting model for N = 2, D = 4 supergravity with non-abelian 
gauging of the vector multiplet sector, arising from compactifications of M-theory on 
seven-manifolds with SU{3) structure [|69|]. More precisely, they consider Calabi-Yau 
(CY) threefolds fibered over a circle. The c- tensor, introduced in ( 2.53 )-( 2.54 ), is non- 
trivial in these models. For the precise M-theory set-up, we refer the reader to the 
original paper [|6^ ]; here we only discuss the relevant data for analyzing the maximal 
supersymmetry conditions: 
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The vector multiplet space can be parametrized by special coordinates, (1, i*), 
= + iv^, and prepotential 

F(X) = -i/C,,,^^|^, (3.38) 

with the triple intersection numbers K-ijk that depend on the particular choice of 
the CY-manifold. This gives the Kahler potential 



/C = - log 



logV, (3.39) 



where V denotes the volume of the compact manifold. The gauge group is non- 
abelian with structure constants 

/ae°-0 = /,/, f^^-Mf, (3.40) 

and a c-tensor whose only non-vanishing components are 



\mIK.iju ■ (3.41) 



The constant matrix M| specifies the Killing vectors and moment-maps of the 
special Kahler manifold: 

K = -Mit' , fcf = M/ , (3.42) 

and 

Po = -M^fdjlC , Pi = MfdjlC . (3.43) 

Not for any choice of Mf is the Killin g equ ation satisfied. As explained in 
this is only the case when the relation ( 2.54 ) holds. This also ensures that ( |2.55| ) is 
satisfied, as one can easily check. 

• Generally in this class of compactifications there always appear hypermultiplet 
scalars, but there is no gauging of this sector, so the Killing vectors and the mo- 
ment maps P^ are vanishing. 

The scalar potential in this case reduces to the simple formula 

V = -^M^MlJCkimv'vH-^ , (3.44) 

which is positive semi-definite. 

Analyzing the susy conditions is rather straightforward. Since P^ = 0, the only 
allowed N — 2 vacua are the ones with zero-scalar curvature. What is left for us to 
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check are the conditions k\L^ ~ and Pt^L^ ~ 0. The latter is very easy to check and 
holds as an identity at every point in the special Kahler manifold. Also, it is equivalent 
to the relation k'j^L^ = which is satisfied whenever there exists a prepotential [ ^9|l . The 
condition k\L^ = eventually leads to 

- - , . (3.45) 

The solution to the above equation that always exists is the decompactification limit 
when V — > oo. The other more interesting solutions depend on the expli cit form of the 
matrix M. In case A// is invertible there are no further solutions to (13. 451) . On the other 
hand, when AI has zero eigenvalues we can have N = 2 M-theory vacua, given by (a 
linear combination of) the corresponding zero eigenvectors of M. For the supergravity 
approximation to hold, one might require that this solution leads to a non-vanishing 
(and large) volume of the CY three-fold. Each eigenvector will correspond to a flat 
direction of the scalar potential, and with V = along these directions. The case where 
the full matrix AI is zero corresponds to a completely flat potential, the one of a standard 
M-theory compactification on CY x without gauging. 

Thus it is clear that M/ is an important object for this type of M-theory compactifica- 
tions and we now give a few more details on its geometrical meaning [^] . In the above 
class of M-theory compactifications we have a very specific fibration of the Calabi-Yau 
manifold over the circle. It is chosen such that only the second cohomology H^-^'^^ (CY) 
is twisted with respect to the circle, while the third cohomology H^{CY) is unaffected. 
Thus the hypermultiplet sector remains ungauged as in regular CY x S*^ compactifi- 
cation, while the vector multiplets feel the twisting and are gauged. This twisting is 
parametrized exactly by the matrix AI, as it determines the differential relations of the 
harmonic (on the CY manifold) two-forms: 

Awi = M/cjj A dz , (3.46) 

where z is the circle coordinate. 

Let us now zoom in on the interesting case when we have nontrivial zero eigenvec- 
tors of M, corresponding to non-vanishing volume of the CY manifold. For a vanishing 
volume, or a vanishing two-cycle, the effective supergravity description might break 
down due to additional massless modes appearing in string theory]^ Therefore the 
really consistent and relevant examples for N = 2 vacua are only those when the matrix 
M is non-invertible with corresponding zero eigenvectors that give nonzero value for 
every v^. 



To illustrate this better, we consider a particular example, given in section 2.5 of [69|, 



of a compactification where the CY three-fold is a 3-fibration. In this setting one can 
^*For a detailed analysis of the possibilities in a completely analogous case in five dimensions see |^^. 
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explicitly construct an A/-matrix, compatible with the intersection numbers JCijk- Here 
one can find many explicit cases where all of the above described scenarios happen. As a 
very simple and suggestive example we consider the 5-scalar case with /C144 = /C155 = 2, 
/C123 = — 1, and twist-matrix 



M = 



The general solution of Af • u = is 
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(3.48) 



and the resulting volume is 



V = 8A (2^2 ^ 2i^2 + - 



(3.49) 



which is clearly positive semi-definite. In the case when either /i or v vanishes we have 
a singular manifold that is still a solution to the maximal supersymmetry conditions. 
When all three coefficients (that are essentially the remaining unstabilized moduli fields) 
are non-zero, we have a completely proper solution both from supergravity and string 
theory point of view, thus providing an example of SU (3) structure compactifications 
with zero-curvature N = 2 vacua. This example can be straightforwardly generalized to 
a higher number of vector multiplets, as well as to the lower number of 4 scalars (there 
cannot be less than 4 vector multiplets in this particular case). 

Finally we note that a special case of the general setup described above was already 
known for more than twenty years in [^ij (3.21), where = — 2,M| = I,and/Ci22 = 2. 
It was derived purely from 4d supergravity considerations, but it now seems that one 
can embed it in string theory. 



3.4.2 Reduction of M-theory on Sasaki-Einsteiny 

There has been much advance in the last years in understanding Sasaki-Einstein man- 
ifolds and their relevance for M-theory compactifications, both from mathematical and 
physical perspective. A metric ds^ is Sasaki-Einstein if and only if the cone metric. 
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defined as ds^^j^^ = dr^ + r^ds^, is Kahler and Ricci-flat. These spaces are good can- 
didates for examples of the AdS4/CFT3 correspondence and an explicit reduction to 
D = A has been recently obtained in [ ^o|| . Originally the effective lagrangian includes 
magnetic gauging and a scalar-tensor multiplet, but after a symplectic rotation it can be 
formulated in the standard N = 2 formalism discussed here. After the dualization of 
the original tensor to a scalar we have the following data for the multiplets, needed for 
finding maximally supersymmetric vacua: 



• There is one vector multiplet, given by = (1,t^) and F{X) — yO(^{X^, 
leading to Fa = {^t^, It^) and Kahler potential 

/C = -log^(r-f)3. (3.50) 

There is no gauging in this sector, i.e. k\ = and Pa ^ for all i, A. This also 
means that both Jas^ and CA^sn vanish. 

• The hypermultiplet scalars are {r, x, cr} with the universal hypermultiplet met- 
ric0, introduced in ( 2.63 ): 

= (dr^ + r(dx' + d(^2) + (j^ + ^d<^)2^ p gi) 

We have an abelian gauging (see app. ^for all isometrics of the universal hyper- 
multiplet), given by: 

fco = 249. + A{xd^ - ^d^ + i(0^ - x^)d.) , 

^ (3.52) 

and the moment maps, calculated in appendix ^ are 

P} = 0, Pi=0, p^ = -—. (3.53) 

r 



We can now proceed to solving the maximal supersymmetry constraints. The condi- 
tions involving vector multiplet gauging are satisfied trivially, while from kJ^L^ = we 

^^The relation with the coordinates {p, o", 5,1^} used in | po| is given by p = r, (Jthcro = ""hero + ^^'^ 
5 = ^(x + Furthermore, there is an overall factor i in their definition of the universal hypermultiplet. 
Finally, they use a different SU{2) frame to calculate the moment maps PJ, which is why they are rotated 
with respect to the ones displayed here. 
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obtain the conditions x = (^s = and 1 + =0. Therefore t ^ i (the solution t = —i 
makes the Kahler potential ill-defined) and K. — — log 4. However, not all the moment 
maps at this vacuum can be zero simultaneously, leaving AdS4 as the only possibility 
for a = 2 vacuum solution. One can then see that txyzP^P^ = is satisfied, so the 
only remaining condition is P^f^ = 0. This fixes r — 4. Therefore we have stabilized 
all (ungauged) directions in moduli space: x = 'Z' = 0, r = i, r = 4. The potential is 
nonzero in this vacuum since P^ = 2, which means the only possibility for the space- 
time is to be AdS4 with vanishing field strengths. This is indeed expected since SE^ 
compactifications of M-theory lead to an iV = 2 AdS4 vacuum, the one just described 
by us in the dimensionally reduced theory. 

One can verify that this vacuum is stable under deformations in the hypermultiplet 
sector of the type discussed in [ |83| , To show this, first observe that the condition 
— for u — X srid u = ip always ensures vanishing x arid ip. Secondly, one may 
verify that the deformations to the quaternionic moment m aps a re proportional to x or 
(f, and hence the remaining N — 2 conditions from section 3.2.4| are satisfied. It would 



be interesting to understand if this deformation corresponds to a perturbative one-loop 
correction in this particular type of M-theory compactification. 

3.4.3 Other gaugings exhibiting AdS4 vacua 

Another example of an AdS4 supersymmetric vacuum can be obtained from the univer- 
sal hypermultiplet. In the same coordinates {r, x, (fi, c} as used in the previous example. 



the metric is again given by (|3.51|) . This space has a rotational isometry acting on x 



and ip, given by ki — kg in the notation of (3.52). We leave the vector multiplet sector 



unspecified for the moment, and gauge the rotation isometry by a linear combination of 
the gauge fields Aj^. This can be done by writing the Killing vector as 

fcA = «A(0,-^,X,^(^'-x')) , (3.54) 

for some real constant parameters a a- The quaternionic moment maps are given by (see 
appendix §) 

It can be seen that there are no points for which = 0,V.t, so this means that only 
AdS4 N ~ 2 vacua are possible. To complete the example, we have to specify the vector 
multiplet space, and solve the conditions P^fi" — and k'^^L^ = 0. The latter can 
be solved as x ~ f — Q> and then also e^y^P^P^ = 0. The first one then reduces to 
a^fi^ = 0. This condition is trivially satisfied when e.g. ny = 0. A more complicated 
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example is to take the special Kahler space of the previous subsection with no gauging 
in the vector multiplet sector. There is one complex scalar r, a section — (1,t^) 



and a prepotential F — ^/X^HJOY . We then find a solution for r — ;mder 
the condition that ao and ai are non-vanishing real constants of opposite sign. More 
complicated examples with more vector multiplets may be constructed as well. It would 
be interesting to study if such examples can be embedded into string theory. 

A similar situation arises in the absence of hypermultiplets. As mentioned in the 
end of section 3.2. 2t we can have non-vanishing moment maps that can be chosen as 
P\ = ttA^^^. Then we again need to satisfy the same condition a^f^ = as above, and 
we already discussed the possible solutions. 



Chapter 4 



Supersymmetry preserving Higgs 
mechanism 



4.1 Introduction 



This chapter is a bridge between the fully supersymmetric solutions that were described 
in the previous discussion and the solutions that break some of the supersymmetries, 
which will be a subject of the coming chapters. We use the results derived in chapter 
H to define a consistent truncation of gauged D ~ 4 N ^ 2 supergravity into another 
(un)gauged D — 4 N — 2 lagrangian with reduced number of multiplets. The main idea 
is simple - in gauged supergravity, one can give expectation values to some of the scalars 
(from both the vector and hypermultiplets) such that one breaks the gauge symmetry 
spont ane ously in a maximally supersymmetric N — 2 vacua, specified by the conditions 
(|3.34| ) or ( |3.35|) . Let us suppose for simplicity that the vacuum has zero cosmological 
constant, the argument can be repeated for N ~ 2 preserving anti-de Sitter vacua. Due 
to the Higgs mechanism some of the fields become massive, and as a consequence of 
the N = 2 preserving vacua, the gravitinos remain massless and the heavy modes form 
massive N = 2 vector multiplets. As a second step, we can set the heavy fields to zero, 
and the theory gets truncated to an ungauged N = 2 supergravity. These truncations 
are consistent due to the fact that supersymmetry is unbroken. Black holes and other 
types of solutions can then be found by taking any solution of the ungauged theory and 
augmenting it with the massive fields that were set to zero. In fact, it is clear from this 
procedure that one can even implement a non-BPS solution of the ungauged theory into 
the gauged lagrangian. This procedure works for non-abelian gaugings, as long as it is 
broken spontaneously to an abelian subgroup with residual N ~2 supersymmetry. 

Let us now illustrate the above mechanism in some more detail. We restrict ourselves 
first to spontaneous symmetry breaking in Minkowski vacua, where one has (Pf ) = 



56 



CHAPTER 4. SUPERSYMMETRY PRESERVING HIGGS MECHANISM 



and {k\L'^) = {k\L ) = according to ( p.35D . At such a point in the moduli space, 
the resulting scalar potential is zero as required by a Minkowski vacuum. After the 



hypermultiplet scalar fields take their vacuum expectation values, the lagrangian (|2.1|) 
contains a mass term for some of the gauge fields, given by 

^mass = MaE<A^^ , M ^ {K^kfk^) . (4.1) 

There is no contribution to the mass matrix for the vector fields coming from expectation 
values of the vector multiplet scalars, since the gauging was chosen to be abelian. The 
number of massive vectors is then given by the rank of Mas, arid as h^v is positive def- 
inite, one has rank(AfAs) — rank(fc](). Hence, the massive vector fields are encoded by 
the linear combinations k'^A^. Similarly, some of the vector and hypermultiplet scalars 
acquire a mass, determined by expanding the scalar potential to quadratic order in the 
fields. Then one reads off the mass matrix, and in general there can be off-diagonal mass 
terms between vector and hypermultiplet scalars. Massive vector multiplets can then 
be formed out of a massive vector, a massive complex scalar from the vector multiplet, 
and 3 hypermultiplet scalars. The fourth hypermultiplet scalar is the Goldstone mode 
that is eaten by the vector field. We will illustrate this more explicitly in some concrete 
examples below. 

Upon setting the massive fields to zero (or integrating them out), one obtains a 
supergravity theory with only massless fields. Because of (P^) — 0, the mass matrix 



for the gravitinos is zero as follows from (|2.8|) . Therefore, the resulting theory is an 



ungauged supergravity theory. Black hole solutions and other solutions of interest can 
then be simply copied from already existing literature. By going through the Higgs 
mechanism in reverse order, one can uplift this solution easily to the gauged theory by 
augmenting it with the necessary expectation values of the scalars. The original solution 
is not charged with respect to the gauge fields that acquired a mass. 

The situation for spontaneous symmetry breaking in an AdS vacuum is similar. To 
generate a negative cosmological constant from the potential, we must have a (PJ) 7^ 



in the vacuum. The conditions for unbroken N = 2 supersymmetry are given in ( [3.34[ ). 
After expanding the fields around this vacuum, one can truncate the theory further to 
a lagrangian with a bare cosmological constant, in which one can use already known 
solutions of minimal gauged supergravity. We will discuss explicit black hole examples 
both in Minkowski and AdS4 in the next part of this thesis. 



4.2 Solution generating technique 

We now elaborate on constructing solutions more explicitly. As explained above, the 
general technique is to embed a (BPS) solution in ungauged supergravity into a gauged 
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supergravity. The considerations in this section also apply for the more general case 
of non-abelian gaugings, although explicit use of this technique will only be made in 
the abelian case in following chapters. First, to illustrate the systematics of our proce- 
dure, we analyze a simpler setup in which we embed solutions from pure supergravity 
into a model with vector multiplets only. Then we extend the models to include both 
hypermultiplets and vector multiplets, i.e. the most general (electrically) gauged super- 
gravities. We always consider solutions with vanishing fermions, i.e. the discussion 
concerns only the bosonic fields. 



4.2.1 Vector multiplets 

We start from pure N ^ 2 supergravity, i.e. only the gravity multiplet normalized as 
£ = ^R{g) — \Ffi^F^^'^ — A. Let us assume we have foimd a solution of this lagrangian, 
which we denote by g^^^ F^^. We can embed this into a supergravity theory with only 
vector multiplets as follows. If we have a theory with (gauged) vector multiplets we can 
find a corresponding solution to it by satisfying 

V^z' = 0, G;,, =0, fcXL^=0. (4.2) 

Note that the integrability condition following from V^z* = is always satisfied given 
the other constraints. We further have the relations 



g^, = g^, , V2IasL^L^T-, = p-, . (4.3) 

The last equality is to be used for determining T^^, . Then we can find the solution for our 
new set of gauge field strengths by F^,7 = iL^T^^ since we already know that GJ^^, = 0. 

The new configuration will, by construction, satisfy all equations of motion of the 
theory and will preserve the same amount of supersymmetry (if any) as the original 



one. This can be checked explicitly from the supersymmetry transformation rules ( p.3| ) 



and ( [2.4[ ), combined with the results from the previous chapter. Indeed, ( [4 .21 ) comes from 



imposing the vanishing of (2.4), while (4.3) is required by the Einstein equations. 



4.2.2 Hypermultiplets 

Given any solution of = 2 supergravity with no hypermultiplets, we can obtain a new 
solution with (gauged) hypermultiplets preserving the same amount of supersymmetry 
as the original one. We require the theory to remain the same in the other sectors 
(vector and gravity multiplets with solution g^^, F^^, z') and impose some additional 
constraints that have to be satisfied in addition to the already given solution. We then 
simply require the fields of our new theory to be 

dtiv = 9fii' J Ffj.D — Pyiv I z = z , (4.4) 
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under the following restriction that has to be solved for the hypers. Here we are left with 
two cases: the original theory was either with or without Fayet-Iliopoulos (FI) terms 
(cosmological constant). In absence of FI terms, a new solution after adding hypers is 
given by imposing the constraints: 

V^q" - ^ IIF;^^ = , = , llL^ = , (4.5) 

while in the case of original solution with FI terms we have a solution after adding 
hypers (thus no longer allowing for FI terms but keeping P^L^ the same) with: 

V^g" = ^ fcX^;^. = , P?/^ = 0, e^y^PlPiL^L^ ^0; ~klL^ = Q. (4.6) 

The new field configuration (given it can be found from the original data) again satis- 
fies all equations of motion and preserves the same amount of supersymmetry as the 
original one. This is true because the susy variations of gluinos and gravitrnos remain 
the same as in the original solution, and also the variations for the newly introduced 
hjrperinos are zero. 

4.2.3 Vector and hypermultiplets 

This case is just combining the two cases above. If we start with no FI terms the new 
solution will be generated by imposing equations ( |4.5[) and (5^2). If we have a solution 
with a cosmological constant we need to impose ( ti.6[ ) and (^^). Then the integrabil- 
ity condition following from V^^/" = is automatically satisfied in both cases, using 
relations (U). 



Part II 

Black Hole Solutions 



Chapter 5 



Asymptotically flat black holes 



5.1 Introduction 

One of the interesting predictions of general relativity is the existence of black hole 
solutions. It was followed by various experimental indications for the presence of such 
objects in the universe and even in our own galaxy. Black holes are places in spacetime 
where gravity becomes strong enough to stop even light from escaping. There is an 
event horizon, and particles that pass the horizon can (classically) never return to the 
external spacetime. 

In 1974, Stephen Hawking discovered that black holes do emit radiation [|8^, due 
to quantum effects. It was shown that black holes follow the rules of thermodynam- 
ics, and one can derive their temperature and entropy ^6|]. It is then a challenge 
for a theory of quantum gravity to provide the microscopic description of black hole 
thermodynamics . 

From the point of view of this thesis, black holes are interesting for a variety of 
reasons. They are solutions one finds in supergravity and can often be embedded in 
the full-fledged string theory. If string theory is a viable theory of quantum gravity, it 
should provide a complete, microscopic description of a black hole. One can compare 
this with the macroscopic description in supergravity, which is its low energy effective 
action. For instance, in the macroscopic picture, one can compute the entropy. In the 
microscopic picture, this corresponds to counting the number of microstates, which was 
shown to exactly reproduce the same entropy in a number of examples [|lo[| . 

Let us now briefly consider the basic black hole solutions that asymptote to Minkowski 
spacetime. 
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The Schwarzschild solution 

The simplest and best studied black hole solution is the Schwarzschild spacetime. It 
is a solution of pure gravity without any matter, i.e. all fields of iV = 2 supergravity 
except for the graviton are frozen to zero. The Schwarzschild metric is t5rpically written 
in spherical coordinates due to its manifest spherical symmetry: 

ds^=(l-^)dt^-(Y^--^df7L (5.1) 

with df2| = [d6^ + sin^ 9d(f'^) and M an arbitrary parameter that corresponds to the 
mass of black hole with respect to the ground state (M = clearly corresponds to 
Minkowski). In the limit r ^ oo one recovers flat spacetime, while ?■ = is a gen- 
uine point singularity of the solution. Additionally, there is a coordinate singularity at 
rh — 2M, which is a spherical shell and corresponds to the event horizon. One then 
typically says that the black hole has a radius rh and area A = 47rr^. Note that in case 
M < 0, rh is negative and thus no horizon exists to shield the singularity. The spacetime 
is then said to contain a naked singularity and is typically no longer of physical interest. 
Such a configuration will not form under gravitational collapse of a spherical mass shell, 
see e.g. 

From the rules of black hole thermodynamics it can be shown that the Schwarzschild 
black hole has a temperature that is inversely proportional to the mass, T ^ and 
an entropy proportional to the area|^ S ^ A ^ M^. 

The last thing we need to mention in this very brief review are the symmetries of 
the Schwarzschild solution. The metric ( |5.l| ) has 4 Killing vectors, corresponding to 
time translations (M) and space rotations (S'0(3)). The full Lorentz symmetry 5*0(1, 3) 
is restored only asymptotically as r — >^ oo. The metric is therefore static, spherically 
symmetric and asymptotically flat. 



The Reissner-Nordstrom solution 

The Reissner-Nordstrom solution describes a charged black hole solution in the theory 
of general relativity with a Maxwell field. It can be then directly embedded in minimal 
imgauged supergravity (with vanishing gravitino expectation values), or more general 



lagrangians of the sort ( |2.1[ ) where the additional fields are frozen to zero or constant 



and the moment maps are vanishing. The gauge field has non-vanishing components 

= A^ = -2Pcose, (5.2) 



^^The entropy-area law holds for all black holes and other black objects in any spacetime dimension, while 
the temperature is proportional to the surface gravity and thus depends explicitly on the metric that is con- 
sidered. 
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where Q is the electric and P the magnetic charge of the black hole. The metric can be 
written as 

ds'^U\r)df~-^^-rW,, (5.3) 

with the metric function 

U\r) = l- — + ^, Z'^Q^ + P\ (5.4) 

In the limit as r goes to infinity the metric approaches flat Minkowski space and the 
electric and magnetic fields computed from ( ^!^ ) vanish. Besides the point r = 0, which 
is a true singularity, there are other possible values of r where V{r) — 0, corresponding 
to event horizons. They follow from the equations 

r± = M ± ^ThP^^ , (5.5) 

which could have two, one or zero real solutions for r± depending on: 

In this case, there are two different roots of V , given by r = r± . There is an inner 
and an outer horizon. 

If the charge balances the mass, we call the black hole an extremal black hole. The 
real singularity is shielded by a single event horizon at r = r+ = r_ . 

If the charge exceeds the mass, there are no roots of V , and any observer can travel 
to the real singularity at r = 0, which is not shielded by an event horizon. This is 
again a naked singularity and is deemed unphysical. 

Note that the Reissner-Nordstrom solution is also static and spherically symmetric 
(global symmetry group M x 5*0(3)), just as the Schwarzschild one. However, it enjoys 
very different thermodynamic properties. The temperature in this case is proportional 
to the difference between the two horizons, T ~ r+ — r_, while the entropy is pro- 
portional to the area of the outer horizon, S ^ A ^ r\. We see now that something 
very special happens for extremal black holes when r+ = r_: the temperature van- 
ishes while keeping the entropy and event horizon non-zero. This was not possible for 
Schwarzschild solutions and is generally a very rare example of a physical system with 
vanishing temperature and macroscopic disorder. 

The extremal black hole is also very particular from the point of view of super- 
symmetry. Supersymmetry is incompatible with temperature, therefore only extremal 
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black holes can potentially preserve some amounts of supersymmetry in a theory of 
supergravity. This is also the case with the example at hand - the extremal Reissner- 
Nordstrom solution preserves half of the supercharges of = 2 supergravity, thus it is 
1/2 BPS. Let us examine more closely the metric in this extremal case. If we redefine the 
radial coordinate as r — > r + M, the metric is given by 



ds^ = TTT^di^ - ^ ' dr^ + r'^Anl . (5.6) 



.2 _ _^ ,,2 _ i.r + M) 

The true singularity is now at r = —M, and the horizon is at r = 0. Close to the horizon, 
we can approximate r + M ~ M, and we find 

T-2 M2 

ds^ = ^dt^ - ^dr^ + M^dnl . (5.7) 

The metric becomes a product metric: we have an AdS2 space, parametrized by t and 
r, and a sphere S^, parametrized by 9 and (p. The mass M determines the curvature 
of both spaces, which are equal in magnitude; as AdS2 has negative curvature and S^ 
positive, the total curvature at the horizon is zero. The spacetime outside of the black 
hole therefore interpolates between the fully supersymmetric configurations AdS2 x 5^ 
and flat Minkowski space, discussed in chapter g. 

The Kerr-Newman solution 

This is the most general asymptotically flat black hole solution of the Einstein-Maxwell 
lagrangian. In addition to mass and charges, the Kerr-Newman spacetime also pos- 
sesses a constant angular momentum, i.e. the black hole rotates around a given axis. 
The spacetime is therefore stationary but not static, with a symmetry group M x U{1) 
(time translations and axial symmetry). The metric of the Kerr-Newman spacetime is 
typically written in the so called Boyer-Lindquist coordinates and reads 



ds^ = - (l — j dt^ - ^ dM^ 

P^„2 , 2, .2 , ^ 2 , 2 , (2Afr-Z2)2asin2(? . ^ 



+ ^dr^ + p^d9^ + l^r^ + + ) sin 



(5.8) 



where 



+ < (5.9) 
for a genuine black hole with an event horizon, and 

M = mass, = + = charge, a — — = angular momentuni per unit mass. 
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A = - 2Mr + + , = + cos^ 9 . 

One can easily see that when the angular momentum parameter vanishes we recover 
the Reissner-Nordstrom solution. 

We postpone the discussion of the thermodynamic and supersymmetric properties 
of the Kerr-Newman solution here since they are somewhat more involved in compar- 
ison with the static cases. For the purposes of this introductory section it is enough to 
mention that Kerr-Newman black holes that satisfy (^^) can never be supersymmetric, 
even in the extremal limit. Additionally, the Kerr-Newman spacetime is somewhat 
special in another aspect - it contains a closed timelike curve inside its inner horizon, 
which is causality violating and often considered very unphysical. Furthermore, due 
to the fact that the spacetime has a constant rotation, it follows that the parts of the 
spacetime very far from the black hole will need to move faster than the speed of light 
in order to keep up with the rest. The solution therefore cannot be taken seriously in its 
full domain, but can nevertheless be used as an important example in this thesis. It often 
serves also as a good first approximation to the physics of cosmological black holes. 



Plan of this chapter 

The plan of this chapter is as follows. We split the discussion of asymptotically black 
holes in ungauged and gauged supergravity. There are many general results in un- 
gauged supergravity where the BPS black hole solutions are fully understood and there 
exist various advances towards full classification of extremal and non-extremal black 
holes. We then move to the less well-explored topic of Minkowski black holes in gauged 
supergravity, where we provide the first attempts of generalizing the ungauged solu- 
tions. 



First, in section [5. 2. It we give a summary of the known supersymmetric black hole 
solutions in ungauged N = 2 supergravity with neutral hypermultiplets. We then also 
briefly comment on the results concerning non-BPS extremal and non-extremal black 



holes with non-trivial scalar profile^ in section 5.2.2 



Moving on to the black holes in gauged supergravity, in section p.3.1| we make use 
of the Higgs mechanism for spontaneous gauge symmetry breaking explained in the 
previous chapter, in order to obtain effective N ^ 2 ungauged theories from a general 
gauged N = 2 supergravity. We show how this method can be used to embed already 
known black hole solutions into gauged supergravities and explain the physical mean- 
ing of the new solutions. We illustrate this with an explicit example of a static, asymp- 



^^The classification of solutions without scalars was already presented above, therefore from the spacetime 
point of view one does not expect qualitatively new solutions to appear. We will however see that this point 
of view is too naive when discussing asymptotically AdS black holes in the next chapter. 
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totically flat black hole with the well-known STU model and one gauged hypermultiplet 
(the universal hypermultiplet). 

In section 5.3.2 we discuss in more general terms asymptotically flat, stationary 
spacetimes preserving half of the supersymmetries. We analyze the fermion susy vari- 
ations in gauged supergravity after choosing a particular ansatz for the Killing spinor. 
One finds two separate cases, defined by = and = 0, respectively. Whereas 
the former case contains only Minkowski and AdS4 solutions, the latter leads to a class 
of solutions that generalize the standard black hole solutions of ungauged supergravity. 
We analyze this in full detail and give the complete set of equations that guarantees 
a half-BPS solution. We then explain how this fits to the solutions obtained in section 

sin 

Finally, in section 5.3.3 we study asymptotically flat black holes with scalar haii]^ . 
We find two separate classes of such solutions. One is a purely bosonic solution with 
scalar hair, but with the shortcoming of having ghost modes in the spacetime. The other 
class of solutions has no ghosts but along with scalar hair we also find fermionic hair, 
i.e. the fermions are not vanishing in such a vacuum. 

Some of the more technical aspects of this chapter, including explicit hypermultiplet 
gaugings leading to Minkowski asymptotics, are presented in the appendices. 



5.2 Ungauged theory 

5.2.1 Supersymmetric stationary solutions 

Asymptotically flat and stationary BPS black hole solutions of ungauged supergravity 
have been a very fruitful field of research in the last decades. In absence of vector 
multiplets (ny — 0), with only the graviphoton present, the supersymmetric solution 
is just the well-known extremal Reissner-Nordstrom (RN) black hole^ This solution 
was later generalized to include a number of vector multiplets [|8|]. The most general 
classification of the BPS solutions, including multicentered black holes, was given by 
Behrndt, Liist and Sabra [ ^3|] and we will refer to those as BLS solutions. The hypermul- 
tiplet scalars do not mix with the other fields (apart from the graviton) at the level 
of the equations of motion, and it is therefore consistent to set them to a constant value. 



^^By scalar hair, in ttiis thesis, we mean a scalar field that is zero at the horizon of the black hole, but non- 
zero outside of the horizon. According to this definition, the vector multiplet scalars subject to the attractor 



2_ungauged supergravity, do not form black holes with scalar hair The solutions that we 



mechanism in N 
discuss in section 5.3.3 , however, will have hair 

^'The Kerr-Newman spacetime with M = \Z\ and an arbitrary angular momentum is also a supersym- 
metric solution, but it does not have an event horizon and is therefore a naked singularity rather than black 
hole. 
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We will briefly list the main points of the solutions, as they will play an important role 
in what follows. For a comprehensive review of these black holes solutions and their 
important implications we refer the interested reader to [ ^9|l . 

To characterize the black hole solutions, we first denote the imaginary parts of the 
holomorphic sections by 



H'' = iiX'' ~ X'') , Fa - iiFA - Fa) . (5.10) 

We assume stationary solutions with axial sjrmmetrj/Q parametrized by an angular co- 
ordinate ip. The result of the BPS analysis is that the metric takes the form^ 

ds^ = e'=(dt + uj^^dipf - e~'= (dr^ + r^dnj) , (5.11) 

where K. is the Kahler potential ( t2.16| ) of special geometry. The metric components and 
the sjnnplectic vector [H^, H\) only depend on the radial variable r and the second 
angular coordinate 9, and the BPS conditions imply the differential equations on cj^ 

^^deu;^ = HAdrH^ - H^drHA : -^drUj^ ^ H^deH^ ~ H^deH^ . (5.12) 



From this follows the integrability condition H\DH^ — H^C\H\ = 0, where □ is the 
3-dimensional Laplacian. 

What is left to specify are the gauge field strengths F^^. First we define (c.f. the 
discussion about electro-magnetic duality in chapter ||) the magnetic field strengths 



Ga^i^ = i?As-F)fi, — 2^^s ^fj.i'-isF^'^^ , (5.13) 
such that the Maxwell equations and Bianchi identities take the simple form 

e^^^'P'^d^GAp, - 0, e'^'^P'^d^F^, = , (5.14) 

such that {F-^, Ga) transforms as a vector under electric-magnetic duality transforma- 
tions. 

For the full solution it is enough to spec ify half of the components of and GAfiu, 
since the other half can be found from (p.l3|) . In spherical coordinates, the BPS equations 
imply the non-vanishing components^ 

F.% - ^^deH\ < . (5.15) 



^"Thus we do not allow for multicentered solutions with more than two centers. It this thesis we are mostly 
concerned with the general classification of solutions and wilLnoLelaborate much on the multicentered case. 
^^Note that all the results are in spherical coordinates, see pdj |7q] for the coordinate independent results. 
^The BPS conditions also imply = GAre = due to axial symmetry. 
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and 

-r^ sin 61 r2sin6l 
Gatv = OeHA: Ga0v = 7, Or^A- (5.16) 



From ( 5.14 ) it now follows that Ha and H'^ are harmonic fimctions. With the above 
identities we can always find the vector multiplet scalars z*, given that we know explic- 
itly how they are defined in terms of the sections and Fa. The integration constants 
of the harmonic functions specify the asymptotic behavior of the fields at the black hole 
horizon(s) (the constants can be seen to be the black hole electric and magnetic charges) 
and at spatial infinity. 

The complete proof that these are indeed all the supersymmetric black hole solutions 
with abelian vector multiplets and no cosmological constant was given in [^. Note 
that the BLS solutions describe half-BPS stationary spacetimes with (only in the mul- 
ticentered cases) or without angular momentum. The near-horizon geometry around 
each center is always AdS2 x S'^ with equal radii of the two spaces, determined by the 
charges of the black hole (see [po|l for a more general discussion of possible near-horizon 
geometries). All solutions exhibit the so-called attractor mechanism [ |8^ ^ p2| ]. This 
means that the (vector multiplet) scalar fields get attracted to constant values at the 
horizon that only depend on the black hole charges. As the scalars can be arbitrary 
constants at infinity we also find the so-called attractor flow, i.e. the scalars flow from 
their asjnnptotic value to the fixed constant at the horizon. 



5.2.2 Non-supersymmetric black holes 

The full classification of non-BPS black hole solutions and attractors as opposed to the 
supersymmetric ones is much more involved and is still in progress. The presence 
or absence of unbroken supercharges at technical level results in a difference between 
solving first and second order partial differential equations, respectively. Therefore it is 
not a surprise to find that much less is known about the general structure of black hole 
solutions and the microscopic theories behind them. 

The simplest generalization from BPS to non-BPS black holes is of course to still con- 
sider zero temperature solutions. They share some similar features to the BPS solutions, 
notably the attractor phenomenon [P3|-P5|l and the fact that in certain cases they can also 
be found from first order differential equations after a suitable rewriting of the action 
[p6|]. In contract to the BPS case, non-BPS attractors exhibit flat directions, i.e. the scalars 
are not completely fixed at the horizon by the values of the charges. A few examples 
have been found where changing some of the signs in the BPS solutions result in non- 
BPS extremal solutions [|9^ ^], but such examples are not generic enough. The role 
of electro-magnetic duality is very prominent in the attempts to find general classes of 
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solutions, since full duality orbits can be found just by having a single (generic enough) 
solution. 

When discussing non-BPS solutions, we need to remember that there is another 
symmetry that is allowed to be broken - the spherical symmetry. There can be vari- 
ous extremal and non-extremal generalizations of the Kerr-Newman black hole, usually 
referred to as overrotating black holes (since the limit of vanishing angular momentum 
for these solutions leads to a naked singularity). Their underrotating counterparts, 
on the other hand, are rotating generalizations of the Reissner-Nordstrom solutions. 
The organizing principle for the general structure of either classes is unfortunately still 
unclear. 

Recently, there has been some advance in simplifying the equations of motion also 
for non-extremal black holes [|9|, but results on this topic are even more scarce and 
disorganized. Virtually all solutions of asymptotically flat black holes can be embedded 
in supergravity theories. We will therefore not go into details on the topic since it ex- 
tends very far from the techniques one can employ from supersyrmnetry considerations. 
The situation at present is even more hopeless for theories with gauging, where the 
equations of motion allow for even broader classes of solutions than in the ungauged 
case. In what follows, however, we only concentrate on solutions that can be analyzed 
purely from a supersymmetric point of view. 

5.3 Gauged theory 

5.3.1 Solutions via spontaneous symmetry breaking 

The simplest solutions one can have in gauged supergravity are the ones that exist also 
in ungauged supergravity. As we saw above, there are many results in the literature on 
the subject of black holes in ungauged supergravity and via the method of spontaneous 
symmetry breaking they can all be used in general classes of gauged supergravities. 
These, in a way trivial, solutions follow directly from our discussion in chapter § and 
we find them easier to imderstand in the context of a canonical example from BPS black 
holes in ungauged supergravity: the STU model. 

The STU model with gauged universal hypermultiplet 

Let us consider an iV = 2 theory with the universal hypermultiplet (UHM). Its quater- 
nionic metric and isometries are given in appendix ^ and isometry 5 is chosen to be 
gauged. This allows for asymptotically flat black holes, since we can find solutions of 
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(^!^), as we shall see belowQ. The quaternionic Killing vector and moment maps are 
given by 

kA = QA {2rdB. + xdx + fd^ + "^crda) , (5-17) 



1 , 



with OA arbitrary constants. In this chapter we will use R to denote the coordinate on 
the UHM, to avoid confusion with the radial, spacetime coordinate r. 

In the vector multiplet sector we take the so-called STU model, based on the prepo- 
tential 

F^^. (5.9, 

together with = ytr;* ~ 1,2,3. The gauge group is U{1)^, but it will be broken 
to C/(l)^ in the supersymmetric Minkowski vacua, in which we construct the black 
hole solution. The conditions for a fully BPS Minkowski vacuum require i^^J;^ — 0, 
^ivov ^ ^ ^ ^vcv ^ ^vcv ^ ^vov ^ q, i?™^ (i?), with arbitrary 



constants (z') and (R). Moreover, from (15), the vector multiplets scalar vevs must 
obey (oaL^)™^ = (which is an equation for the (z*)'s). Then, after expanding around 
this vacuum, the mass terms for the scalar fields are given by the quadratic terms in 
the scalar potential (2^). Now, if we make the definition z = uaL^, we have z^°^ = 0. 



Expanding the first term in ( |2.2|) gives the mass term for z, 



( 



_ ^ _ , quadratic 

4/i„„fcXfcsi i I = 16zz. 



Expanding the second term to quadratic order gives the mass for three of the hypers: 

{svtmpir = 7#S^ (x'+^'+ ^-^^M^ ] ^ (5-20) 



while the third term vanishes at quadratic order and does not contribute to the mass 
matrix of the scalars. 

Therefore two of the six vector multiplet scalars become massive (i.e. the linear com- 
bination given by our definition for z), together with three of the hypers. The fourth 
hyper R remains massless and is eaten up by the massive gauge field uaA^ (with mass 
4 given by (131)). Thus we are left with an effective N — 2 supergravity theory of 
one massive and two massless vector multiplets and no hypermultiplets, which can be 



^^A suitable combination of isometries 1 and 4 would also do the job. Note that typically in string theory 
isometry 5 gets broken perturbatively while 1 and 4 remain also at quantum level. For the present discussion 
it is irrelevant which one we choose since we are not trying to directly obtain the model from string theory. 
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further consistently truncated to only include the massless modes. One can then search 
for BPS solutions in the remaining theory and the prescription for finding black holes is 



again the one given by Behrndt, Liist and Sabra and explained in section p. 2.1 . 

We now construct the black hole solution more explicitly, following the solution 
generating technique of chapter ^. For this, we need to satisfy (L4) and {L5). The 



condition = fixes x = iy9 = cr = and the remaining non-zero Killing vectors are 
— 2Ra\. Now we have to satisfy the remaining conditions k\X^ ~ and k^F^^ — 0. 
To do so, we use the BLS solution of the STU model. For simplicity we take the static 
limit LOm = 0, discussed in detail in section 4.6 of [^^ . The solution is fully expressed in 
terms of the harmonic functions 

Ho = ho + —. W = h' + ?-, i = l,2,3, (5.21) 
r r 

under the condition that one of them is negative definite. The sections then read 



with metric function 



e''^ = ^J-m^mmH^. (5.23) 



In this case = and the components (here m, n are the spatial indices) are 
expressed solely in terms of derivatives of . After evaluating the period matrix we 
obtain = and F^^ are given in terms of derivatives of Hq , iJ ' . Thus the equations 



fcf = and fcf F^^ = lead to 



ao = , a^h' = , a^p' = . (5.24) 
The solution is qualitatively the same as the origi nal one, but the charges and the 



asymptotic constants /i' are now related by ( |5.24|) . So, effectively, the number of in- 
dependent scalars and vectors is decreased by one, consistent with the results from 
spontaneous symmetry breaking. The usual attractor mechanism for the remaining 
massless vector multiplet scalars holds while for the hypermultiplet scalars we know 
that X = = cr = and R is fixed to an arbitrary constant everywhere in spacetime with 
no boundary conditions at the horizon. In other words the hypers are not 'attracted'. 

Our construction can be generalized for non-BPS solutions as well. In the particular 
case of the STU model, we can obtain a completely analogous, non-BPS, solution by 
following the procedure described in [p^. We flip the sign of one of the harmonic 
functions in ( |5.1(]| ) such that 



e 



VAHqIPIpiP . (5.25) 
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This solution preserves no supersymmetry, but it is extremal. By following our proce- 
dure above, we can embed this solution into the gauged theory. 



5.3.2 1/2 BPS solutions 



In this section we will take a more systematic approach to studying the supersymmetric 
solutions of the general gauged theory ( |2.l[ ). We search for a solution where the expec- 
tation values of the fermions are zero. This implies that the supersymmetry variations 
of the bosons should be zero. The vanishing of the supersymmetry variations (|2.3|) - 
(2.4) then guarantees some amoimt of conserved supersymmetry. Depending on the 
number of independent components of the variation parameters ea we will have dif- 
ferent amount of conserved supersymmetry. Here we will focus on particular solutions 
preserving (at least) 4 supercharges, i.e. half-BPS configurations. A BPS configuration 
has to further satisfy the equations of motion in order to be a real solution of the theory, 
so we also impose those. The fermionic equations of motion vanish automatically, so 
we are left with the equations of motion for the graviton g^^, the vector fields A^, and 
the scalars and g". We will come to the relation between the BPS constraints and the 
field equations in due course, but we first introduce some more relations for the Killing 
spinors sa- 



Killing spinor identities 



We will make use of the approach [ |100[ where one first assumes the existence of a Killing 
spinor. From this spinor, various bilinears are defined, whose properties constrain the 
form of the solution to a degree where a full classification is possible. We use this 
method in = 4, = 2, which is generalizing the main results of ^] to include 
hypermultiplets in the description. As it later turns out, we cannot completely use this 
method to classify all the supersymmetric configurations, but the method nevertheless 
gives useful information. 

We define ea to be a Killing spinor if it solves the gravitino variation Sei'i-iA = 0, 



defined in (23), and assume ea to be a Killing spinor in the remainder of this article. 
Such spinors anti-commute, but we can expand them on a basis of Grassmann variables 
and only work with the expansion coefficients. This leads to a commuting spinor, which 
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we also denote with eAr and we define^] 

e7= i(£^)'''7o , 

2_ ' (5.26) 

We now show that this implies that = V^'^a is a Killing vector. For its derivatives 
we find 



V^y/B = z<5'^s(r+,X - T-,X) - g^^iS^^ecsX - SBce^^X) 



(5.27) 



The second and third term are traceless, so they vanish when we compute V^Vj^. The 
other terms are antisymmetric in iiv, so this proves 

V^K + V,y^ = , (5.28) 

thus is a Killing vector. We make the decomposition V^b^ — \V^6^c + -^(^'^^bVI^ 
and using Fierz identities one finds 

^/bI^/a = V^V, - ^g^,V^ . (5.29) 

One can show that Vf^V^ — 4|Xp, which shows that the Killing vector Vfj_ is timelike or 
null. For the remainder of this chapter we restrict ourselves to a timelike Killing spinor 
ansatz, defined as one that leads to a timelike Killing vector. We make this choice, as our 
goal is to find stationary black hole solutions, which always have a timelike isometry. 
In this case, by definition, V^V^ = 4|Xp 7^ 0, so we can solve (|5.29|) for the metric as 

= ^ {V^V, - 2T^;Kf ) ■ (5.30) 



It follows that 



Vp = cjp.V' = V^- v^%V:vn , (5.31) 



so V^V^^ — 0. We define a time coordinate by V^d^ — V^dt, which implies = 0. 
We decompose V^da;'' — 2y/2XX{dt + uj), where the factor in front of dt follows from 
V'^ = AXX and lo has no dt component. The metric is then given by 



ds^ ^ 2\XWdt + uf - ^^^^„„dx"da;" , (5.32) 



1 

24we will be brief on some technical points of the discussion, and refer to I psj Q for more information 
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where l-'f |, w and 7,„„ are independent of time. 



Now we are ready to make a relation between the susy variations ( |2.3|) -( |2.4[ ) and 



the equations of motion, using an elegant and simple argument of Kallosh and Ortin 



[ |101|1 that was later generalized in [|75t |76| . Assuming the existence of (any amoimt of) 
unbroken supersymmetry, one can derive a set of equations relating the equations of 
motion for the bosonic fields with derivatives of the bosonic susy variations. For the 



theory at hand these read: 

CM 

•-A 



fa^(-n°£-^) + (2i^£i3e^^) = , (5.33) 



where £ is the equation of motion for the corresponding field in subscript. More pre- 
cisely, £^ is the equation for the vielbein e° (the Einstein equations), £jl corresponds to 
(the Maxwell equations), £u corresponds to and Si to z*. Now, let us assume that 
the Maxwell equations are satisfied, £^ = 0. If we multiply each of the remaining terms 
in the three equations by and j^e^ and use the fact that the Killing spinor is timelike 
such that X ^ we directly obtain that the remaining field equations are satisfied. So, 
apart from the BPS conditions, only the Maxwell equations 

e^-'p-d.GApa - -ghu.klW^q- , (5.34) 

need to be satisfied. 
Killing spinor ansatz 



Contracting the gaugino variation (|2.4|) with ea we find the condition 

= -2zXV^z^ + itG;;,VP - igklL^V, - V2gg'^f^P^V^ . (5.35) 
Using this to eliminate V^z* and plugging back into 6X^^ ~ we find^ 



G;;7^ {itVe^ - XjPe^^eB) + gg^'f^Pl (^--^F;7^e^ + «Xa^^^eB^ = . (5.36) 

It is here that we find an important difference with the ungauged theories. In the latter 
case, (? = 0, and the second term is absent. Then, assuming that the gauge fields Gp^ are 
non-zero, one can rewrite equation ( ^.36|) as 

+ ie-'"7oe^^ei3 = , (5.37) 



^^One could, as done in e.g. Q/St yS^, eliminate the gauge fields Gp^ to obtain an equivalent relation. 
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where e'" = . We have thus derived the form of the KilUng spinor, which is not an 
ansatz anymore. 



In gauged supergravity, g ^ 0, so th ere are various ways to solve equation (|5.36|) . 



One could, for instance, generalize ( p.37| ) to 



e = 07 e SB + 0^7 ■ (d.3o) 



Plugging this back into (|5.36|) , one obtains BPS conditions on the fields which one can 
then try to solve. While this is hard in general, it has been done in a specific case. 
Namely, the ansatz used for the AdS-RN black holes in minimally gauged supergravity 



(with a bare cosmological constant), as analyzed by Romans [ |102| ], fits into ( p.38[ ), but 



not in ( 5.37 ). In fact, we will see later that with ( ^.3/^ ) one cannot find AdS black holes. 



In the remainder of this section and chapter, we will use ( 5.37|) as a particular ansatz. 



hoping to find new BPS black hole solutions that are asymptotically flat. The reader 
should keep in mind that more general Killing spinors are possible. The search for BPS 
black holes that asymptote to AdS4, and their Killing spinors, is postponed for the next 
chapter. 

Metric and gauge field ansatz 

We will further make the extra assumption that the solution for the spacetime metric, 
field strengths and scalars, is axisymmetric, i.e. there is a well-defined axis of rotation. 



such that u — uj^pdip lies along the angle of rotation (we choose to call it (p) in (|5.32|) . 
For a stationary axisymmetric black hole solution the symmetries constrain the metric 
not to depend on t and (p. These symmetries also constrain the scalars and gauge field 
strengths to depend only on the remaining coordinates, which we choose to call r and 
9. We further assume F,^g = 0, such that (after also using the gauge freedom) we can set 
A^^A^^O for all A. 

Gaugino variation 

Plugging the ansatz ( 5.37 ) into the gaugino variation dX^^ — gives 

Plf,^ = , (5.39) 

and 

(e-'"9^z'7^7° + G;^7^") eA = 0. (5.40) 

The latter condition can be simplified further, but we will see in what follows that it 
automatically becomes simpler or gets satisfied in certain cases, so we will come back to 
( 5.40 ) later. We will make use of condition ( 5.39| ) when solving the gravitino integrability 



conditions. 
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Hyperino variation 

With the ansatz (^.3/1 ), setting the hyperino variation to zero gives the condition 

e-^"V^g"7^7o + 2g~klL^ = . (5.41) 
Using the independence of the gamma matrices, one finds 

V,g" - Veg" =0, 

(5 42) 

Q^kl {XL^ - XL^) . 

Using axial symmetry and the gauge choice for the vector fields, = A'^ — 0, it follows 
that Vr-g" — drq"" and V^g" = dgq^ , and these both vanish from the BPS conditions. 
Furthermore, the hypers cannot depend on t and ip, because this would induce such 
dependence also on the vector fields and complex scalars via the Maxwell equations 
( |5.34| ). Thus the hypers cannot depend on any of the spacetime coordinates, so they are 
constant. This will be important when we analyze the gravitino variation. 

Gravitino variation 

The gravitino equation reads 

V^SA = -e-^" [T^pYS/^ + gSABt'"'^!^) 7o£c ■ (5.43) 

We study the integrability condition which follows from this equation. The explicit 



computation is presented in appendix |B.3| . The main result that we will first focus on is 



equation ( |B.9[ ), 



VIL^ = , (5.44) 

so that there are two separate cases: T^^, = or P^L^ = 0. We will study these two 
cases in different subsections. 

Case 1: T"^ = 

In this case the integrability conditions imply that the spacetime is maximally sym- 
metric with constant scalar curvature P^L^, as further explained in appendix B.3.1 . 



This corresponds either to Minkowski space when P^L^ = 0, or AdS4 when the scalar 
curvature is non-zero. Although there might be interesting half BPS solutions here, they 
will certainly not describe black holes. 
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Case 2: = 



The second case is PIL^ = 0. We combine this identity with Plft = from (F39| ). We 
now obtain 



J I 



0. 



(5.45) 



The matrix between brackets on the left hand side is invertible. This follows from 
the properties of special geometry, and we used it also in the characterization of the 
maximally supersymmetric vacua in [||]. We therefore conclude that ~ Q. Next, we 
show that in this case we have enough information to solve the gravitino variation and 
give the metric functions. 

From the definition for V ^£a, the quaternionic 5*^(1) connection lo^a^ vanishes, 
as the hypers are constant by the arguments in section 5.3.2 . Combining this with 
Pf = 0, we see that the gravitino variation ( |2.3|) is precisely the same as in a theory 
without hypermultiplets and vanishing Fl-terms. Thus our problem reduces to finding 
the most general solution of the gravitino variation in the ungauged theory. The answer, 
as proven by is that this is the well-known BLS solution j7|] for stationary black 

holes (or naked singularities and monopoles in certain cases). Thus we can use the BLS 
solution, which in fact also solves the gaugino variation ( ^.40| ). We now only have to 
impose the Maxwell equations, which are not the same as in the BLS setup, due to the 
gauging of the hypermultiplets. 



The sections are again described by functions i?A arid H^, as in ( 5.10|), al th ough 
not all of them are harmonic. The metric and field strengths are given by (15.11 ), ( 3.15 ) 
and ( 3.16 ). In terms of our original description ( 3.32| ), we have that 7mn is three dimen- 
sional flat space and 



= 21X1 



(5.46) 



In the ungauged case the Maxwell equations have no source term and the field strengths 
are thus described by harmonic fimctions, while now in our case they will be more 
complicated. We can then directly compare to the original BLS solution described in 
section p.3.2| and see how the new equations of motion change it. At this point we have 
chosen the phase a in ( 5.37 ) to vanish, just as it does in the BLS solution. We can do this 
without any loss of generality since an arbitrary phase just appears in the intermediate 
results for the symplectic sections ( 5.10| ), but drops out of the physical quantities such 
as the metric and the field strengths. 



We repeat that the Maxwell equations are given by ( |5.34|) , 



(5.47) 
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with Gfj^i, defined as in ( p.l3| ). Since our Bianchi identities are unmodified, and the 
same as in BLS, we again solve them by taking the H^'s to be harmonic functions. The 
difference is in the Maxwell equations. 

We plug in the identities from ( 5.42 ), ( 5.11 ) and ( ^.16| ). The components of ( 5.47 ) with 
fi t are then automatically satisfied. The only non-trivial equation follows from /i = t, 
and reads 



(5.48) 



Here, □ is again the three-dimensional Laplacian in flat space. The left hand side is real, 
and so is the right hand side, as a consequence of the last equation in ( 5.42 ) and the fact 
that we have chosen the phase in (see ( p.37|) to vanish. In other words, X is real. 



and therefore also k^X^ is real. 

We furthermore have a consisten cy co ndition for the field strengths. The gauge 
potentials appear in ( 5.42 ), but also in ( 5.16 ), and these should lead to the same solution. 
These consistency conditions were not present in the ungauged case, since in that case 
there are no restrictions on from the hyperino variation. The constraints can be easily 
derived from the integrability conditions of ( [5.42| ), and are given by 



fcX< = -~kldg {io^e'^X' 



(5.49) 



ic^X'') 



The first condition can always be satisfied as it merely implies that some of the har- 
monic functions H'^ depend on the others (remember that the hypermultiplet scalars 
are constant, and therefore also the Killing vectors k\). In more physical terms, this 
constraint decreases the number of magnetic charges by the rank of k\. The other 



constraints have to be checked against the explicit form of the field strengths ( 5.15 ) and 
( |5.1^ ). This cannot be done generically and has to be checked once an explicit model is 
taken. 

hi chapter |[ we explained how the vanishing of k\L^ and k\A^j^ led to a BPS solution 
using spontaneous symmetry breaking. We can see that also from the equations of this 



section. When k\L — 0, the right hand side of ( |5.48|) is zero. This equation is then 



solved by harmonic fimctions Ha. Furthermore, as k\ is constant, we can move it inside 
the derivatives in ( |5.49| ), so the right hand sides are zero. The left hand sides are zero as 
well, as klF^^ 



0. Finally, the condition k\H = is satisfied as k\L is already real. 
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5.3.3 Solutions with scalar hair 

In this section, we search for solutions of the above BPS conditions that do not fall in the 
class described in chapter |[ They describe asymptotically flat black holes and would 
have non-trivial profiles for the massive vector and scalar fields, i.e. they would be 
distinguishable by the scalar hair degrees of freedom outside the black hole horizon. 
Remarkably, we could not find models with pure scalar hair solutions without the 
need to introduce some extra features, such as ghost modes or non-vanishing fermions. 
Below, we describe two examples of solutions that lead to at least one negative eigen- 
value of the Kahler metric. We show that if we require strictly positive definite kinetic 
terms in the considered models, one cannot find scalar hair solutions, but only the ones 
described in chapter ^. It is of course hard to justify these ghost solutions physically. 
However, there have been cases in literature where this is not necessarily a problem, 
e.g. in Seiberg-Witten theory [ [103 , 104 [ one has to perform duality transformation such 



that the kinetic terms remain positive definite. Whether a similar story holds in our case 
remains to be seen. If such duality transformations exist they will have to map the ghost 
black hole solutions of our abelian electrically gauged supergravity to proper black hole 
solutions, possibly of magnetically gauged supergravity. However, we cannot present 
any direct evidence for such a possibility. 

Ghost solutions 

Before we present our examples, we start with a general comment. We can obtain some 
more information from the Einstein equations. The trace of the Einstein equations reads 

R = T'> + T'+W , (5.50) 

where R is the Ricci scalar, and we have defined 

Ti = ~2Kr,V^q^V^q" , - -2g,jd^z'd^z^ . (5.51) 



Using the BPS conditions in (|5.42|) , one quickly finds T'' = —2V. Furthermore, as 



dtz' = 0, we find^T^ > 0, and V > Ohj equations (|2J) and the condition = 0. 
We therefore find 

R = T' + 2V>0, (5.52) 

as long as the metric g^j is positive definite. So the BPS conditions forbid the Ricci scalar 
R to become negative. In our examples below, the metric components will show some 



oscillatory behavior, as a consequence of the non-linear differential equation ( |5.48| ). 



^^Recall that our spacetime signature convention is (+, — , — , — ). 



80 



CHAPTER 5. ASYMPTOTICALLY FLAT BLACK HOLES 



Therefore, their derivatives, and hence the Ricci scalar, will oscillate between positive 



and negative values. This would contradict the positivity bound ( |5.52| ), unless the 
Kahler metric gij contains regions in which it is not positive definite. We now discuss 
this in detail with two examples. 

Quadratic prepotential 

We start with two simple models, which have only one vector multiplet. They are 
described by the two prepotentials 

F = (X^X^iX^X^) . (5.53) 
These lead to the special Kahler metrics 



(1 ± zzY ' 



(5.54) 



where z = /X'^. With the upper sign, we therefore get a negative definite Kahler 
metric and the vector multiplet scalar is a ghost field. With the lower sign, we obtain 
a positive definite metric. We couple this to the universal hypermultiplet, and gauge 
isometry 5 from appendix ^ using A^^ as the gauge field. The condition = fixes 
X — f = <y = and the only non-vanishing component of the Killing vectors is then 
kf^ = 2Rai, where ai is a constant. 



From the relations (gIo| ) follows that X" = ^{Ho-iH") and X^ = \(±Hi-iH'^). The 



Kahler potential ( |2.16| ) is then 

e-'^ = 2{X^X^ ±X^X^) . (5.55) 

As we do not use A° for the gauging, X° remains harmonic, such that even if the 
solution for X^ is considerably different, we still have hope of producing a black hole by 
having X^ as a small perturbation of the leading term X^ in the metric function c^'^. For 
simplicity, we restrict ourself to the spherically symmetric single-centered case, so now 



our constraints (|5.49|) lead to iJ^ = and fcX-^rt = -k\dr{c'^X'^). The latter eventually 
implies that is constant. Since we can absorb this constant by rescaling i/o, we will 
set i7° = 0. Thus we are left with 2X" = Ho = ^/2 + ^ {q^ > 0), where we set the 
constant of the harmonic function to V2 to obtain canonically normalized Minkowski 
space as 7' — > cx). 

The metric is given by ( |5.1l| ), where 

e-'= = i((^/2 + |^)'±i7A (5.56) 
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The only undetermined function is Hi, which is subject to the only equation left to be 
satisfied, ( ^.48|) , which in this case is given by 

□ffi = Te-'^Hi = (^(V2 + ± Hf^ H^, (5.57) 

after setting g\k\ — 1. Besides the trivial solution Hi ~ (belonging to the class solutions 
from chapter we could not find an analytic solution to these equations. We can 
analyze the differential equation as ?' — > and r oo. As r oo, we require e^'^ 1, 
to obtain flat space at infinity. Likewise, we require, as r 0, that e~'^ — q^r^^, to 
obtain ^4^52 x at the horizon. The constant q (which is not necessarily equal to go) 
determines the (equal) radii of AdS2 and S^. If we solve ( 5.57 ) for large values of r, we 
have to solve DHi = ^Hi; for small values of r we have to solve DHi = ^^q^r^^Hi. 

• With the upper sign (the ghost model), we find the general solution 

Hi = A !^ + B — ^ , r^oo, (5.58) 



Hi = + 15^-^+ 3^1-4-3" , r^O. (5.59) 
As long as Aq^ < 1, all the asymptotics are fine. 

With the lower sign (the non-ghost model), we find the general solution 

Hi = A— + B— , r -> oo , (5.60) 
r r 



Hi = + 13^-^+3 %/i+49= ^ r^O. (5.61) 

When B is nonzero, this violates the boundary condition that e^'^ — 7> 1 as r — >^ oo, 
so we have to set B = Q. Likewise, we have to set C — Q. We will now prove 
that imposing such boundary conditions implies Hi = 0. To do this, we use the 
identity 



(5.62) 



/ {rHi)dl{rHi) dr = - dr{rHi)dr{rHi) dr + {rHi)dr{rHi] 
Jo Jq 

Using (|5!60|) and (^) one finds that, for B — C = 0, the boundary term vanishes. 
On the left-hand side, we use (|5.57| ), and we obtain (using DHi — r~^d'^{rHi)) 

/ Hie-'^Hidr^- dr{rHi)dr{rHi)dr . (5.63) 
Jo Jo 

The left-hand side is non-negative, whereas the right-hand side is non-positive, so 
this proves Hi = {). This argument can easily be repeated for solutions with only 
axial symmetry. 
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We could plot the solution with the upper sign numerically with generic starting 
conditions, and the result is that the scalar field z ~ Hi /Hq oscillates around zero in the 
region of interest. The metric function also gets oscillatory perturbations, while having 
its endpornts fixed to the desired values. This is due to the fact that the function Hi 
approaches zero as r ^> cx) in an oscillatory fashion. To investigate the behavior near 
the horizon at r = 0, we also checked that rHi approaches zero, and hence Hi diverges 
slower than 1/r. Both are in agreement with the asymptotic analysis above. 

The numerics further show that the metric function for negative values of r yields 
the expected singularity at r = We conclude that this is indeed a black hole 

spacetime, having one electric charge qo, and the fluctuations around the usual form of 
the metric are due to the effect of the abelian gauging of the hypermultiplet. 

Let us now try to give a bit more physical interpretation of this new black hole 
spacetime. After more careful inspection of the solution, we see that at the horizon 
and asymptotically at infinity we again have supersymmetry enhancement, since the 
vector multiplet scalars are fixed to a constant value. It is interesting that the electric 
charge, associated to the broken gauge symmetry vanishes at the horizon, i.e. the black 
hole itself is not charged with qi exactly as in the normal case without ghosts. Yet there 
is a non-zero charge density for this charge everywhere in the spacetime outside the 
black hole, which is the qualitatively new feature of the ghost solutions. Clearly the fact 
that there is non-vanishing charge density everywhere in spacetime does not change the 
asymptotic behavior, but it seems that it is physically responsible for the ripples that can 
be observed in the metric function (of course this is all related to the fact that we have 
propagating ghost fields). We should note that these are not the first rippled black hole 
solutions, similar behavior is foimd in the higher derivative ungauged solutions, e.g. in 



[ |105|1 , where o ne ag ain finds ghost modes in the resulting theory. The detailed analysis 



in section 4 of [|105|1 holds in our case, i.e. the main physical feature of the ripples is that 



gravitational force changes from attractive to repulsive in some spacetime points. 
Cubic prepotential 

The example above shows already the general qualitatively new features of this class 
of black holes with ghost fields, but is still not interesting from a string theory point of 
view, since Calabi-Yau compactifications lead to cubic prepotentials of the form 



The simplest case one can consider is the STU model of section 3.3.1 . We coupled it 
to the universal hypermultiplet with a single gauged isometry and found it impossible 
to produce any new solutions. However, other choices of ICijk allow for interesting 
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numerical solutions of ( 5.48 ). For this purpose we consider a relatively simple model 



with three vector multiplets: 

{xy-{x^rx^-x\x^r ..... 

We again use the universal hypermultiplet and gauge the same isometry as before, but 
we now use only for our gauging. Again, the condition = fixes x = = cr = 0, 
and the only non-vanishing component of the Killing vector is = 2Ra^. In parts 
of moduli space this model exhibits proper Calabi-Yau behavior, i.e. the Kahler metric 
is positive definite, but there are regions where gij has negative eigenvalues (or e~'^ 
becomes negative). There is no general expression for this so-called positivity domain; 
one has to analyze an explicit model to find the conditions. 

For simplicity, we set = Ho = 0, so the non-vanishing functions are Hi and H'^. 



nplic : 

Inverting ( p.lQ ) we obtain for the Kahler potential 



e 



H 



-'^ = ^2IhVlP[H,+H2 + ^] . (5.66) 



We see that, as is commonly encountered in these models, one has to choose the signs 
of the functions Hi and i/^ such that this gives a real and p ositive quantity. With these 



we satisfy all conditions in ( p.49| ) and are left to solve (|5.48| ) that explicitly reads: 



□i?3 = -03^° + ^) H3 , (5.67) 

where Hi and H2 are harmonic functions, and we have set g\k\ = 1 for convenience. 

We impose the same boundary conditions, so as r — > 00, we require c^'^ — > 1, to 
obtain flat space at infinity. Likewise, we require, as r 0, that c^'^ q^r^^, to obtain 
AdS2 X S'^ at the horizon. Using ( ^.66|) , we then find that we have to solve 



DH3 = -aiq^r-^Hs , as r ^ , (5.68) 



DH3 = -ajc^Hs , as r ^ cx) , (5.69) 



where is also a constant, specified by the asymptotics of H'-\ Hi and Hz- We therefore 
again find 

H3 = A ^-^-^ + B — ^-^J- , as r 00 . (5.70) 



These functions are oscillating; therefore the Kahler potential ( 5.66 ) will also oscillate. 
This causes the Ricci scalar to become negative, which is in violation of the bound ( 5.52 ). 
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Therefore, there is always a negative eigenvalue of the metric, corresponding to a ghost 
mode. 

We could only find a numerical solution to this equation, and the results are quali- 
tatively the same as the ones with quadratic prepotential, so we will not elaborate the 
details for this model. 

It is therefore possible to find black hole solutions in these Calabi-Yau models, but 
they do contain regions in which some of the scalars become ghost-like. 



Fermionic hair 

There is a different way of generating scalar hair with properly normalized positive- 
definite kinetic terms. As such, we can thereby avoid the ghost-like behavior of the 
previously discussed examples. The idea is simple and works for any solution that 
breaks some supersymmetry. By acting with the broken susy generators on a bosonic 
solution, we will turn on the fermionic fields to yield the fermionic zero modes. These 
fermionic zero modes solve the linearized equations of motion and produce fermionic 
hair. In turn, the fermionic hair sources the equations of motion for the bosonic field, 
and in particular, the scalar field equations will have a source term which is bilinear 
in the fermions. The solution of this equation produces scalar hair and can be found 
explicitly by iterating again with the broken supersymmetries. This iteration procedure 
stops after a finite number of steps and produces a new solution to the full non-linear 
equations of motion. By starting with a BPS black hole solution of the type discussed 
in chapter |[ one therefore produces new solutions with both fermionic and scalar hair. 



For a discussion on this for black holes in ungauged supergravity, see [ |106|| . 

The explicit realization of this idea is fairly complicated since it requires to explicitly 
find the Killing spinors preserving supersymmetry. This can sometimes be done also 
just by considering the possible bosonic and fermionic deformations of the theory, as 
done in e.g. [ [lOTt [l08|] for black holes in ungauged supergravity. The extension of 
this fermionic-hair analysis to gauged supergravities would certainly be an interesting 
extension of our work. 



Chapter 6 



Asymptotically AdS black holes 



6.1 Introduction 



Compared to their Minkowski relatives, black holes in AdS4 have been somewhat ne- 
glected in the literature. This is understandable, since such solutions seem not to be rel- 
evant for describing observable objects in our universe. However, due to the AdS/CFT 
correspondence, solutions in AdS presently enjoy a great deal of attention. The ther- 
mal black objects in AdS turn out to be relevant for describing the effective physics 
in quark-gluon plasmas and various condensed matter phenomena at strong coupling, 
such as high temperature superconductivity and quantum Hall effect. The problem of 
constructing and classifying solutions in AdS is therefore more pressing than ever. 

Before going into a more technical discussion, it is important to explain that the 
usage of the term "black hole" in AdS has a much broader meaning than in Minkowski. 
Unlike the case for asymptotically flat static black holes, the topology of the horizon of 
AdS4 black holes is not unique. The horizon can be a Riemann surface of any genus as 
explained in [109|. The black holes can thus be divided into three classes - spherical, 
or ordinary, black holes, toroidal black holes or black branes in the infinite volume 
limit, and higher genus black holes. All these objects share the same thermodynamics 
properties, like the entropy-area law. 

In this zoo of black objects it is fairly easy to lose track of the discussion. In order 
to ease the presentation, we relegate the analysis of the three major types of black holes 
to separate sections. The focus of this work falls on spherical black holes, which are 
very thoroughly analyzed, but the interested reader can find a comprehensive (although 
much shorter) discussion of the other two cases. 
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Plan of this chapter 

Section ^^2] is devoted to a literature review on spherical black holes in AdS with an 
emphasis on supersymmetric results. After a general introduction to the basic types 
of black hole solutions in minimal gauges supergravity, section |6.2.1 and |5.2.2 



aim at 



generalizing these results in order to allow for additional matter multiplets. Section 
6.2.l| exemplifies the solution generating technique of chapter ^ while section |6.2.2 is 



devoted to the static electric Reissner-Nordstrom-AdS solutions with nontrivial scalars 



riHon . 

Section |6.3| is entirely focused on a new type of static spherically symmetric BPS 
black holes with magnetic charges. These solutions require non-constant scalar profiles 
in order to develop event horizons. As we will see in the following chapters, these 
black holes define a separate vacuum solution that is topologically disconnected from 
AdS4. Still, their spacetime asymptotics provide a good evidence that a version of the 
gauge/gravity correspondence should be applicable. 



Sections |6.4| and |6.5| discuss the cases of black branes and higher genus black holes, 
respectively. Many analogies are drawn with the spherically symmetric solutions, while 
the differences are clearly emphasized and pursued. 



6.2 Spherical solutions 

The main types of spherically symmetric black holes in AdS4 closely resemble their flat 
analogs, with one additional parameter corresponding to the cosmological constant, or 
radius of AdS. As a start, we consider the solutions embeddable in minimal gauged 
supergravity, i.e. Einstein-Maxwell theory with a bare cosmological constant. As a 
consequence of the gauging, there is an additional subtlety in this theory. Recall that 
in minimal gauged supergravity the U{1)b. symmetry of the gravitinos is promoted 
to a local one via the graviphoton. Although not explicitly given as a formula, this 
naturally means that the kinetic term of the gravitinos in the lagrangian acquires a gauge 
covariant derivative, with the term gA^^ in it, i.e. the gravitinos become charged under 
the graviphoton with an electric charge g, which is also giving the bare cosmological 
constant, A = — 3g^. Due to this electric charge (the gauging is electric, therefore the 
gravitinos remain with a vanishing magnetic charge), a Dirac quantization condition is 
imposed on every solution of the theory: each object needs to have a magnetic charge 
P that obeys 2gP = n,n E Since the magnetic charge of the gravitinos is zero, 
the electric charge of the solutions remains a continuous parameter, at least a priori. 
This subtlety of the quantum theory might on first sight be of little relevance for the 
topic of classical solutions, but we will soon find that supersymmetry is not oblivious 
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to these issues. Without further delay, we can now discuss the different types of static 
and stationary solutions in minimal gauged supergravity. 

Static solutions 

First we focus on static spherically symmetric spacetimes with metrics of the form 

ds^ = U^{r) dt^ ~ U-^{r) dr^ ~ h^{r) {de"^ + sin^ Odf^) , (6.1) 

for some functions U (r) and h{r) to be determined from the BPS conditions and/ or the 
equations of motion. 

For Minkowski spacetime, we had U — I and h — r, and for four-dimensional anti- 
de Sitter spacetime, one has 

AdS4 ■■ U^{r) = l+ g^r^ , h{r) = r , (6.2) 

where g is related to the cosmological constant of AdS4 through the scalar curvature 
relation R = —12g^. So, in the standard conventions the cosmological constant is 
A — ~3g^. The simplest generalization of AdS is to Schwarzschild-AdS, with mass 
M and vanishing charges: 

2M 

Schwarzschild — AdS4 : C/^(r) = 1 h g^r^ , h{r) = r . (6.3) 

r 

Just as in the asymptotically flat case, there is no extremal Schwarzschild-AdS black 
hole and only positive masses result in an event horizon. From the point of view of the 
AdS / CFT correspondence, a Schwarzschild-AdS with positive mass corresponds to a 
thermal field theory on the boundary. 

We then move to the more interesting (from the supersymmetry point of view) 
case when we allow for non-vanishing graviphoton field strength. For the Reisnner- 
Nordstrom black hole solution in AdS4 (RN-AdS), with mass M and electric and mag- 
netic charges Q and P, we have 

RN-AdS^: C/2(r) = l-^ + ^^--P-+5V2, h{r) = r . (6.4) 
Imposing BPS conditions leads to exactly two different possibilities in pure supergravity 



without vector multiplets, as analyzed long ago in [|102|] . One solution is usually referred 
to as "extreme RN-AdS electric solution", it is half -BPS and it requires M — Q,P — 0, 
hence 



extreme electric RN-AdS^: t/^(r) = (1 - — )2 + h{r) ^ r . (6.5) 
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The function U{r) has no zeroes and therefore no event horizon exist. The point r — 
is then a naked singularity. The other solution is referred to as an "exotic AdS solution" 
and is only quarter-BPS, imposing M ~ 0, P ~ 1/ {2g), 

1 

exotic AdS4,: (r) = {gr + + , h{r) = r . (6.6) 

2gr 

This case has no flat space limit for 5 ^ and is therefore very different in behavior 
from the first solution. Still, the solution has a naked singularity. 

The aim of the following sections is to find generalizations of these BPS solutions that 
include vector and hypermultiplets. The extension of the extreme RN-AdS solutions for 



many vector multiplets and non-trivial scalars has been investigated in [ [110[ ] with the 



outcome of nakedly singular spacetimes once again, which will be discussed in detail in 



section |6.2.2| . Some generalizations of the exotic solution also exist in the literature, e.g. 
in flHlfl , but these set the scalars to constants and are thus not general enough to resolve 
the naked singularity. Our strategy will be to replace the cosmological constant with a 
nontrivial potential for the vector multiplet scalars that contains Fayet-Iliopoulos terms. 



see more in section I 



Kerr-Newman-AdS 

The Kerr-Newman-AdS (KN-AdS) spacetime is the most general stationary solution in 
AdS4. Just as the KN black hole in Minkowski, KN-AdS has a mass parameter m, electric 
and magnetic charges q and p (with = ^ p^), and angular momentum parameter 
a. The metric is axisymmetric and is written in Boyer-Lindquist-type coordinates, 

= (At -asm' 0d^? - ^dr2 - ^dO' ~ iadt - (r^ + a')d^f , 



(6.7) 



with 
and 



= + sin^ 9 , E = 1 - ag . 



Ar = (r^ + a2)(l + g'^r') - 2mr + z' , Ae = I ~ a'^g' cos^ 9 



From the metric we can see that the spacetime is well-defined only when ag < 1, i.e. the 
angular momentum is bounded from above.. This comes from the requirement that the 
angular velo city at the conformal AdS boundary (r -H- 00) does not exceed the speed 



of light, see [ tll2|| . The analysis of KN-AdS black hole thermodynamics and extremality 
conditions is slightly more involved and can be found in [|l09i [L12|l .The conditions im- 
posed from supercharge conservation on the parameters m,p, q, a will be discussed in 
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details in the next part of this thesis. Here we just note that the BPS KN-AdS solution is 
the only supersymmetric configuration in minimal gauged supergravity with a genuine 
horizon, corresponding to a black hole with a finite entropy. 



6.2.1 Solutions via spontaneous symmetry breaking 

The simplest solutions in gauged supergravity are the of course the ones where the 
scalars are just constants. Because of the non-trivial scalar potential of the gauged 
lagrangian ({2.l|), however, the scalars cannot be just frozen to arbitrary constants. In 
principle one can try to find all minima of the scalar potential in a given solution, 
but this is often an impossible task if the number of scalars is too big. A way out is 
provided by our analysis in chapter ^ which essentially provides a way of finding the 
supersymmetric minima of the scalar potential. 

Here we give a simple but yet qualitatively very general example of how to apply 
the procedure outlined above to find asymptotically anti-de Sitter black hole solutions 
with gauged hypers, starting from already known black hole solutions without hypers. 
In this case we start from a solution of pure supergravity and add abelian gauged vector 
multiplets and hypermultiplets. Alternatively, one can think of it as breaking the gauge 
symmetry such that all hyper- and vector multiplets become massive, and one is left 
with a gravity multiplet with cosmological constant. Here we already know the full 
classification of black hole solutions, as described above. 



An already worked out example in section 3.4.2 is the case of the gauged super- 
gravity, arising from a consistent reduction to four dimensions of M-theory on a Sasaki- 
Einsteiny manifold [^ ]. The resulting low-energy effective action has a single vector 
multiplet and a single hypermultiplet (the universal hypermultiplet). The special ge- 
ometry prepotential is given by 



with = {1,T^}, where r is the vector multiplet scalar, and the isometries on the 
UHM are given by 

which is combination of isometries 1 and 4 from appendix |^. The corresponding mo- 
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merit maps, see appendix ^ are given by 



Maximally supersymmetric AdS4 vacua were f oimd in section 3.4.2 , The condition ( 'L6 ) 
fixes the values of the vector multiplet scalar t^°^ = (ti + 1x2)™^ = i and two of the four 
hypers x^'^^ = f^^^ = 0- The third ungauged hyper, which is the dilaton, is fixed to the 
constant non-zero value i?™^ — 4. The remaining hypermultiplet scalar is an arbitrary 
constant tr™^ = (a) . All the gauge fields have vanishing expectation values at this fully 



supersymmetric AdS4 vacuum. If we now expand the scalar field potential (2.2) up to 
second order in fields we obtain the following mass terms 

^quadratic ^ + 138(t2 + t|) + ^i?^ _^ g^^^ + 10(x^ + f'^) ■ (6.10) 

We can see that three of the hyperscalars and the (complex) vector multiplet scalar 
acquire mass. There is also a mass term = 36 for the gauge field Aa + Ai, this 
field thus eats up the remaining massless hyperscalar cr. So we observe the formation 
of a massive N = 2 vector multiplet consisting of one massive vector and five massive 
scalars, and we can consistently set all these fields to zero. The resulting Lagrangian 
is that of pure N ^ 2 supergravity with a cosmological constant A = —12. Using the 
static class of black hole solutions in minimal gauged supergravity, it is straightforward 
to provide a solution of the gauged supergravity theory. All the solutions described in 
the beginning of this section will also be solutions in our considered model as they obey 
the Einstein-Maxwell equations of pure supergravity. 



6.2.2 1/2 BPS solutions 



Here we briefly summarize the solutions of Sabra, [ |110| ], which generalize the extreme- 
electric RN-AdS configurations of minimal gauged supergravity. In short, the solutions 
of are in gauged supergravity with an arbitrary number of vector multiplets and U{1) 
Fl parameters ^a. The solutions are purely electric with arbitrary charges qa. The metric 
and symplectic sections are 

ds' = (1 + g\'e-^'^) dt^ - ^^''f ' - e-^d^l , 

ImX'^ = 0, 2 ImFA = i^A = Ca + — . 

r 
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These solutions represent nakedly singular spacetimes that preserve 4 of the original 8 
supercharges. They seem to be the most general static supersymmetric solutions with 
spherical symmetry that strictly asymptot^^ to AdS4. It is natural to expect that su- 
persymmetry preserving generalizations of the KN-AdS spacetimes with non-constant 
scalars should exist, but these have not been constructed yet. 



6.3 Static magnetic spherical BPS black holes 

This section deals with a BPS extension of the exotic AdS4 nakedly singular solution 
discussed briefly in the previous section. Recall that 



2 



exotic AdSi-. U^{r) ^ igr + -^ f + %- , h{r) = r . (6.12) 

2gr r-^ 

We will see that there exist generalizations of this within N = 2 gauged supergravity 
such that this naked singularity is resolved due to non-trivial scalar behavior. 

Anticipating our results, we now briefly explain how the exotic solution is modified 
to make a proper black hole in AdS4. We set the electric charges to zero but allow for 
non-trivial scalars, which will in the end result in changing the metric function U to 
beS: 

U\r)^{gr+^Y, (6.13) 

with a constant c^l that depends on the explicit running of the scalars. The important 
outcome from th is is that in certain cases we will have c < 0, and then a horizon will 
appear at Vh — to shield the singularity. In this way, one can find a static quarter- 

BPS asymptotically AdS4 black hole with nontrivial scalar fields and magnetic charges. 



6.3.1 Gauged supergravity with Fayet-Iliopoulos parameters 

In this section we focus on abelian gauged N = 2 supergravity in four dimensions in the 
absence of hypermultiplets. We consider ny vector multiplets and briefly recall some 
already discussed facts about U{1) gaugrngs with FI parameters. This will be needed 
to make a distinction later when discussing lagrangians with magnetic FI parameters. 
Recall that as the gauge group is abelian, the vector multiplet scalars are neutral, and 

^^The solutions presented in the following section have non-vanishing magnetic charge coming from the 
graviphoton and will not be counted as asymptotically AdS. This is explained carefully in the coming chap- 
ters. 

^^Here, the discussion is only schematic in order to underline the main point, the actual solution is more 
involved as we explain in section [5.3.4 There we also comment further on the other function in the metric, 

h{r). 
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the only charged fields in the theory are the two gravitinos. The gauge fields that 
couple to the gravitinos appear in a linear combination of the graviphoton and the ny 
vectors from the vectormultiplets, ^a^)^, with A = 0, 1, ny. The bosonic part of the 
Lagrangian for such a system is 

^ = Ir{9) + grjd'-z^d^z^ + Ik^F^^F^^^ + \RA^e^'""'F;::,Ff, - g^V{z, z) , (6.14) 
where 

V = [g^'ftlf ~ 3ZAL^)aes (6.15) 
is the scalar potential. The supercovariant derivative of the spinor reads: 

V^£^ = (9^ - Kjf-iab)eA + \ {IC^d^z' - JCd^f) EA + ^gUA^aYeB , (6.16) 
and similarly for the gravitino's 

V^V^A = d^tP^A + ... + ^9CAAf;a\^i;f,B ■ (6.17) 

The fact that only appears in the supersymmetry transformation rules and covariant 
derivatives reflects the fact that the SU {2)j^ symmetry is broken to U (1). 

We have to stress that the above theory is gauged only electrically, since we have 
used only electric fields for the gauging of the gravitino. Thus the FI parameters can 
be thought of as the electric charges ±e\ of the gravitino fields, with 

eA = g^A , (6.18) 

The fact that the gravitinos have opposite electric charge finds its origin from the eigen- 
values of a^. Generically in such a theory one encounters a Dirac-like quantization 
condition in the presence of magnetic charges p^, 

CApA = 71 , neZ, (6.19) 



as explained already in the previous section. Clearly, (|6.19|) is not a symplectic invariant, 
due to the choice of the gauging. Later, in section |6.3.4 , we generalize this to include also 
magnetic gaugings. 

6.3.2 Black hole ansatz and Killing spinors 

As already stated above, we look for a supersymmetric solution similar to the "exotic 



AdS solution" of [|102f| , but with nonconstant scalar fields. We start with the general 
static metric ansatz 



ds2 = U^[r) dt^ - U~^{r) dr^ - h^{r) {dO'^ + sin^ 9dip^) , (6.20) 
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and corresponding vielbein 

e''^^diag(u{r),U-\r),h{r),h{r)sm9) . (6.21) 
The non-vanishing components of the spin connection turn out to be: 

= UdrU, Lul^ = -Udrh, ^ -udrhsine, ujf = - cos 61 . (6.22) 
We further assume that the gauge field strengths are given by 

F,i=0, F^^^sin^, (6.23) 

or alternatively 

A^ = A^ = A^ = 0, = cos e, (6.24) 

which are needed in the BPS equations below. If we allow also electric charges, we then 
should use an electromagnetic basis , G^i/^a0' ^^'^ require 

GA,e^ = Y sin d, Fo% = ^sm0. (6.25) 

These automatically solve the Maxwell equations and Bianchi identities in full analogy 
to the case of ungauged supergravityQ . However, we start with a purely electric 
gaugmg and we set the electric charges of the black hole to zero since otherwise 

we cannot directly solve for the gauge fields Af- that are needed for the BPS equations. 
This is a particular choice we make at this point in view of the BPS conditions we derive 
below. In section |6.3.4 we will explain how to explicitly find a solution also with electric 



charges in a more general electromagnetic gauging frame. 
Killing spinor ansatz 

With the gamma matrix conventions spelled out in appendix ^ we make the following 
ansatz for the (chiral) Killing spinors: 

SA - e^" eABl^e'' , sa = ±e^" <j\b 7^ , (6-26) 



^'Recall that the magnetic field strengths can be defined from the lagrangian to be 



30^ 



Notice that the vector field part of the lagrangian ( 6.14 ) is the same as in the ungauged theory, so they 



have the same equations of motion.The only difference appears in the coupling to the gravitinos. 
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where a is an arbitrary constant phase, and the choice of sign in the second condition 
will lead to two distinguishable Killing spinor solutions with corresponding BPS equa- 
tions. This Killing spinor ansatz corresponds (in our conventions for chiral spinors) to 
the Killing spinor projections derived in [|l02|] for the exotic solutions. Note that the 
choice of phase a is irrelevant due to U{1)b^ symmetry, i.e. any value of a leads to 
the exact same physical solution. It will nevertheless amount to putting the symplectic 
sections of the vector multiplet moduli space in a particular frame, as we explain in more 
detail in the next subsection. Furthermore, from the above equations one can deduce 
that the Killing spinor can be parametrized as follows. Using our convention from App. 
^ one finds that, Va £ C, for the upper sign (which we call type /) in (|6.26|) : 



—I 

\-lJ 

For the negative sign (type II) one finds. 



£2 = a{x)e'" 



a{x) 



ji 



— { \ 

a(xje 



V 1 / 



1 
1 

V ^ J 



( ' \ 

-1 

1 

V ^ J 



(6.27) 



(6.28) 



This type of Killing spinors explicitly break 3 /4 of the supersymmetry. The two degrees 
of freedom of the complex function a give the remaining two supercharges. 

We look for spacetimes that are static and spherically symmetric, so in particular 
invariant under the rotation group. This rotation group acts on spinors, and can in 
general leave or not leave our Killing spinor ansatz invariant. It will be a check on our 
explicit solution for the Killing spinors that t hey s hould be also rotationally invariant, 
just as in the original case for exotic solutions |ll02| . 

Note that our choice of Killing spinors makes them timelike, i.e. they give rise to a 
timelike Killing vector (see 76 101 1 for more details about Killing spinor identities). 



It was already shown in section p.3.2| that, to obtain a supersymmetric solution, one 
needs to check only the Maxwell equations and Bianchi identities in addition to the BPS 
conditions. The equations of motion for the other fields then follow, due to the timelike 
Killing spinor. 



BPS conditions and attractor flow 

With the above ansatze for the spacetime and the Killing spinors one can show that the 
gaugino and gravitino variations ( L4 ), ( ^!3|) simplify substantially but do not yet vanish 
identically. 
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From the gaugino variation we obtain the following radial flow equations for the 
scalar fields: 

e-^-UdrZ^ = g^ff (^-^ T 5^) , (6.29) 

where the two different signs correspond to the two types of Killing spinors in the given 
order. 



If we require the gravitrno variation ( P.3| ) to vanish, we derive four extra equations 



that need to be satisfied (one for each spacetime index). The equations for t and 9 
determine the radial dependence of the metric components, 

e^drU = -^^^-^^ ± gUL^, (6.30) 



9rh = ± g^i^ ■ (6.31) 



h 

The Lp component of the gravitino variation further constrains 



5CaP^ = Tl , (6.32) 
and the radial part gives a differential equation for the Killing sprnor, solved by 

a{r) = ao y/U(r) e~ i f '^-^'■^ , (6.33) 

with 



Arir) = -- (IC.,drz' - JC-jdrZ^ (6.34) 



2 

the U{1) Kahler connection. These results are in agreement with rotational symmetry 
since the Killing sprnor is only a function of r. The solution is 1/4 BPS and has two con- 
served supercharges, corresponding to the two free numbers of the complex constant 
ao . We further see that ( |6.33[ ) does not give an extra constraint on the fields, but can be 
used to determine the explicit radial dependence of the Killing spinor parameter a{r). 
One can always evaluate the integral of A{r) for a given solution and thus the Killing 



spinor can be explicitly found once the BPS equations (|6.29| )-( p.32|) are satisfied. 



Notice also that ( ^.32| ) is in accordance with the generalized Dirac quantization con- 



dition (|6.19| ) with the smallest non-zero integer n = ± 1 . It will be interesting to under- 
stand how one can generate other solutions with higher values of n or whether super- 
symmetry always strictly constrains n as in the present case. Furthermore, it is easy to 
see that in the limit g ^ where the gauging vanishes one recovers the well-known 
first order attractor flow equations of black holes in ungauged N — 2 supergravity 



^ |91), |92|] . The presence of the extra terms due to the gauging is precisely where the 



difference between ungauged and gauged black holes lies. Thus we believe the BPS 
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equations are now written in a simpler and more suggestive form compared to (see 
also [ 22 1 where the above BPS equations are derived from a different perspective by a 
smart rewriting of the original lagrangian). 

A short comment on the phase a is in order. One can see in eqs. ( 6.30 ), (|6.31 ) that the 
quantities e^^°'L^ must always be real. Thus, if e.g. a = then will need to be real, 
while if a = ^, have to be imaginary. This C/(1)_r symmetry of the BPS conditions 
is of course well understood in the ungauged case and there are generally two ways of 
proceeding. One can just fix the phase to a particular value and go on to write down 
the solutions, as originally done in [^3|l , or one can also put explicitly the phase factor in 
the definition of the sections as done in v9(i[. Here we choose to fix a = for the rest of 



the section as it will minimize the factors of i in what follows (note that [ 73 1 makes the 
opposite choice and thus the solutions are given for the imaginary instead of the real 
parts of the sections). It should be clear how one can always plug back the factor of e^*" 
and choose a different phase if needed in different conventions. In particular this choice 
implies that (after adding ( ^.3(3|) and ( ^.3l|) ) 

CAlm(X^) = . (6.35) 



6.3.3 Black hole solutions 



Now we would like to find explicit solutions to eqs. < p.29 )-( |5.3lD . We already know (by 
assumption) the solution for the vector field strengths ( 6.23| ), so we search for solutions 
of the metric functions U{r), h{r) and the symplectic sections X'^{r), Fi^{r) that deter- 
mine the scalars. We propose the following form for the solution of the BPS equations 
in the electric frame (for the choice of phase a — 0): 

i (X^ + X^) = , i (Fa + Fa) = , (6.36) 

r 

and 



U(r) = ig^j^ ^ ^ re-'^^' , (6.37) 

where K. is the Kahler potential 

e-'c = i {X^Fa - X^Fa) , (6.38) 
and c some constant. The line element of the spacetime is then 

^ e'C (gr +^Ydt^- - e-^r^dnl . (6.39) 



2gr 
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The constant c above is not specified yet and depends explicitly on the chosen model. 
This is also the case for the constants , (3^ that may eventually be expressed in terms 
of the Fl parameters and the magnetic charges p^. We give some explicit examples 
in section |6.3.5 . Here we just use the above results to show how the BPS equations 
simplify to a form where they can be explicitly solved given a particular model with 
a prepotential (we further assume that (6.36) implies Im(X^) = in accordance with 
(|635| )). Eqs. (|6!30|)-(|63T1), together with (|6.36|)-(|6!^, lead to: 



= ±1, 



a/3'' = 



Multiplying ( 5.29 ) with we eventually obtain 



(6.40) 
(6.41) 



1 



2r2^ ^ ' ' ' (6.42) 

-gF^X^{X^±iFnX''{r^)'^'^ir) ■ 



We chose to rewrite it in this form in order to have equations only for the symplectic 
sections, as standardly done also in ung auge d black holes literature [73|. In pri ncipl e 
however is non-invertible and thus ( 5.42 ) does not strictly speaking imply ( 6.29 ). 
Practically this never seems to be an issue since in fact ( |6.42 ) gives one extra equation. 
In all cases we solved explicitly the equations, we found that the condition coming from 
the gaugino variation is already automatically satisfied after solving ( |5.4C ) and ( 6.41 ). 
Unfortunately, we were not able to prove that it must vanish identically with the above 
ansatz. 



Using ( |6.36| ) it is straightforward to prove that the Kahler connection ( |6.34[ ) vanishes 
identically (c.f. Eq.(29) of [Q). Thus the functional dependence of the Killing sprnors 
becomes 

a{r) = ^U{r) , (6.43) 



just as in the original solution without scalars [|102|]. 



Note that with ( |6.36| ) one can now also show that the field strengths (|6.23| ) identically 
solve the Bianchi identities and the Maxwell equation as they fall in the form ( 6.25 ) with 
(7a = 0. Thus any solution of ( 6.40 )-( 6.42 ) will be a supersymmetric solution of the 
theory with no further constraints. 

One particular solution (the only one in absence of vector multiplets) of the above 
equations that is always present, is when a"^ — ~gp^, (3^ — 0, for all A, and c = 1. This 
solution is in fact the one discovered in [111] with constant scalars {X^ is constant when 

= 0). However, this solution has a naked singularity, since c > 0. A horizon is not 



present in this case, since generally it will appear at i 



2g- 



and thus only for c < 0. 
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We will see in section 6.3.5 that indeed there exist solutions of the above equations in 
which c < 0, such that a proper horizon shields the singularity. These solutions however 
necessarily have nonzero f3^'s. Thus a proper black hole can only form in the presence 
of some sort of attractor mechanism for the scalar fields. 



6.3.4 Black holes with electric and magnetic charges 

We now ex plain how one can restore the broken electromagnetic duality invariance of 



the theory ( 6.14 ). As discussed in section |6.3.1 , the electric gaugings break electromag 



netic invariance, i.e. performing symplectic rotations leads us to a new lagrangian that 
will be of different form from ( |6.14 ). One then needs to allow for both electric and 



magnetic gaugings and change the form of the scalar potential in order to recover the 
electromagnetic invariance of the ungauged theory. There have been various proposals 



in literature for extending it to gauged supergravity |63|, |113|1 . It turns out that the 
correct approach to introducing real magnetic gaugings is the embedding tensor formal- 
ism, and we closely follow the analysis of [^pOjl. It restores full electromagnetic duality 
invariance of the gauge theory (when the electric and magnetic charges are mutually lo- 
cal) by introducing additional tensor fields in the Lagrangian. Unfortunately the theory 
is not yet fully developed in general for supergravity (for rigid N ^ 2 supersymmetry, 
see [[i^ ), but we will nevertheless be able to write down particular solutions due to the 
fact that we can do duality transformations on the solutions of the electrically gauged 
theory. 

Even though we cannot give the most general lagrangian and susy variations for 
the theory with electric and magnetic gaugings, we know how the bosonic part of the 
Lagrangian should look like in this very special case of FI gaugings. It is most instruc- 
tive to integrate out the additional tensor field that has to be introduced, following the 
procedure of section 5.1 of [|4^. Exactly half of the gauge fields (we will originally have 
both electric and magnetic gauge fields, (A^, a)) will also be integrated out in this 
process. One first splits the index A in two parts, {A} = {A', A"}, for the non-vanishing 
electric and magnetic gauge fields respectively. The lagrangian will then consist only of 

, Aa",i^i, while , Aa',^ are integrated out together with the additional tensor field. 
Thus the linear combination of fields used for the C/(l) FI gauging is Ca'A^ — Aa".^. 
The 's are the magnetic charges of the gravitinos, and the new generalized Dirac 
quantization condition for electric and magnetic charges {qA,p^) of any solution is 

BA'P^' - m^"gA" = n, n , (6.44) 
with electric and magnetic gravitino charges e\> = g^\> and = gS^^ . The scalar 
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potential is then of the form 

V = {g^'ft'lf' - SL^'x^Va'Cs' - {9''KA"h^" - iM^nM^„)i''"e" ■ (6.45) 

The main point about electromagnetic invariance is that the equations of motion are 
now invariant under the group Sp{2{nv + 1), K), which at the same time rotates the la- 
grangian from a purely electric gauging frame to a more general electromagnetic gaug- 
ing. The symplectic vectors transforming under the symmetry group are the sections 
(Fa, X^) and the FI parameters (^a, f^), as well as the vector field strengths F^^, Gf_,^^\ 
(which come from the respective electric and magnetic gauge potentials (A^,A^ a))- 
One can then see how natural equations (|6.44 ),( |6.45| ) are if we start from a purely electric 



frame with only ^a , F)7^ nonzero and then perform an arbitrary symplectic transforma- 
tion. The important message is that once we have found a solution to the purely electric 
theory we can always perform any symplectic transformation of the theory to see how 
the solution looks like in a more general electromagnetic setting. 

It is in fact easy to guess how the solution looks like in a more general theory with 
electric and magnetic gaugings. We have not proven the existence of such a BPS solution 
due to the lack of a properly defined lagrangian and supersymmetry variations, but we 
can nevertheless indirectly find it by symplectic rotations. This procedure leads to a 
solution, where the metric is again given by ( |6.39| ), together with 

F^'=0, F,^; = ^sm8, 

^ (6.46) 

GA",tr = , GK",eip = ^ sine , 

and harmonic fimctions that determine the sections 

\(X'^' +X^')=H^' , i(FA,+FA0=O, 

' ^ ^ (6.47) 



- + j = , - (Fa- + Fa") = i^A" , 

T r 
The above should give solutions provided that the following identities (coming from 
the BPS conditions) are satisfied, 

25(a'/'-C^"9A")-Tl, (6.48) 
Fa- (-2g2r/3^' + ca^' + gp"'^ - X"" {-2g\p^„ + caA- + gqK") = , (6.50) 
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together with the symplectic invariant version of ( |6.42| ) coming from contraction with 
//^. This expression becomes lengthy and cumbersome to check and we will not write it 
down expl icitly . In this case it will be easier to explicitly check the symplectic invariant 
version of (|6.29 ) by first defining the complex vector multiplet scalars from the sections. 



Of course in case of confusion one can always take a model and rotate it to the electric 



frame where the susy variations are clearly spelled out ((2.3)-(2.4)). 
6.3.5 Explicit black hole solutions 



nv = 1 with F = -2iy/X°{JO] 



3 



This is the simplest prepotential in the ordinary electrically gauged theory that leads to 
a black hole solution. We have one vector multiplet with the prepotential 



F = ~2iy/X0{X^)3 , (6.51) 

thus one finds X" = a° + ^, X'^ = a'^ + ^ from ( ^36|) . This theory exhibits an AdS4 
vacuum at the minimum of the scalar potential (corresponding to the cosmological con- 
stant) 



V* ^A^~^^, (6.52) 

at z* = (defining z = ^). This can be easily deduced using the results of 

the previous chapters. Going through the BPS equations (|6.40 )-( 6.41 ), we can fix all 



the constants of the solution in terms of the FI parameters Co,Ci apart from one free 
parameter (here we leave to be free for convenience, but it can be traded for one of 
the magnetic charges or for /3°). We obtain that the magnetic charges are given by: 

for spinor I and II respectively. The other constants in the solution are 

a° = ^, = c=l-f (5^1/3^)^ (6.54) 

Using the definition of the gravitino charges ( |6.18| ), e\ = g^A/ these relations imply 

eAa^ = ±g, baP^ = , caP^ ^ Tl , (6.55) 

and one can check that the complete solution is a function of the variables eA,p^ and 
g. Note that in fact the dependence on g is artificial since it can always be absorbed in 
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the definition of the coordinates. In particular, the rescaling gr r.t ^ gt makes the 
metric and the scalar flow dependent only on eA,p^ as is also the form of the solution 
presented in 

Interestingly, one can verify that the condition coming from the gaugino variation. 



( |6.42[ ), is automatically satisfied with no further constraints. One can see that the two 
spinor types in the end amount to having opposite magnetic charges and to flipping 
some signs for the solution of the sections. 

We now analyze the physical properties of the solution. In this case it is important 
to give exp licitly the metric function in front of the dt^ term. Using the form of the line 



element in (|6.39|) , the specific form of the sections with constants given in (|6.54[) , one can 



explicitly compute: 

gtt = ^ . (6.56) 

v/(rT4ei/3i)(3r± 4^1/31)3 

The leading terms of the (infinite) asymptotic expansion of the metric for r — ^ oo are 
then 

Clearly, the metric has the correct AdS4 asymptotics. Although the constant term of the 
asymptotic expansion is not exactly 1 when we compare to the RN-AdS metric, we are 
still tempted to think that the coefficient in front of the 1 /r term determines the physical 
mass of the black hole, 

1 28 

M = -—H^if3'f . (6.58) 

The issue of defining the mass is a bit more subtle in asymptotically AdS spacetimes and 
we address it more carefully in the following chapters, where we show that this naive 
expectation is in fact wrong. 

One can also notice that there are some subtleties for the radial coordinate that usu- 
ally do not appear for black hole spacetimes. In particular, r = is neither a horizon 
(where gu = 0), nor a singularity (where gtt oo). In fact the point r = is never part 
of the spacetime, since the singularity is always at a positive r, where the space should 
be cut off. Thus the r coordinate does not directly correspond to the radial coordinate 
from the singularity. The horizon for both signs is at 



n.^yf(ei/3^)^-^, (6.59) 

while genuine singularities will appear at r., = ±4^i/3^, ^|fi/3^. The spacetime will 
then continue only until the first singularity is encountered. If we want to have an 
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actual black hole spacetime we must insist that the horizon shields the singularity, i.e. 
Th > Ts, otherwise we again have a naked singularity and the sphere at will not be 
part of the spacetime. This requirement further sets the constraints l^'Ci/?^! > §/ with 
< for solution I (upper sign) and > for solution II (lower sign). Since the 
parameter is at our disposal, it can always be chosen to be within the required range, 
thus the singularity can be shielded by a horizon in a particular parameter range for (3^ . 
So, putting together both solutions, we know that a proper black hole with a horizon 
will form in case gCi/?^ G ^|) U(|i °°)' with the corresponding relations given 

above between the magnetic charges and for the two intervals. In between, we are 
dealing with naked singularities, which are of no interest for us at present. The constant 
c is always negative, and satisfies 

c<-i, (6.60) 

which reflects again the existence of a horizon, as announced in section 2. 

Let us now investigate further the properties of these new black holes. Their entropy 
is proportional to the area of the black hole at the horizon. 



A 3 r V(r,T4ei/3i)(3r^± 46/31)3 

^ = 4 - 4A V - - '-^^ = ^T^lf ' ^^-^^^ 

so the entropy is effectively a function of 6, 6, /J^, which can be rewritten in terms of 
the Fl-terms and magnetic charges. Thus the entropy is a function of the black hole 
charges and the gravitino charges ga- One can further observe that in case of fixed 
gravitino charges ca, the entropy scales quadratically with the parameter and thus 
linearly with the charges p° or in the limit of large charges. The opposite limit of fixed 
magnetic charges shows that the entropy remains constant for large gravitino charge. 

It is interesting to note that the fact that the scalars at the horizon are fixed in terms 
of the gravitino and black hole charges is not directly obvious from the general form 
of the solution. The scalars depend on the constants a^, (3^ that might not always be 
fully determined by (,A,p^. One example of this is for the prepotential F = —iX^X^ 
where the magnetic black hole charges are fully fixed in terms of FI parameters and 
either /J" or (3^ can be freely chosen. However, one can show that in this case there is no 
parameter range for the where the singularity is shielded by the horizon, thus black 
holes do not exist. In all the cases for which we checked that a black hole is possible we 
could verify that indeed the scalar values at the horizon can be expressed in terms of 
the charges and FI parameters, but we have no general proof of this^ 



■'^ The BPS equations ( 6.4C )-( 6.42 ) can be relatively easily solved in full generality for a prepotential of the 
form F = (X'^)" (X^)^~" . The outcome is that black holes exist for s e (0, 1). The solution for general n is in 
full analogy to the one presented here. There is only certain n dependence in the way the various constants 
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Another interesting question is what the near-horizon geometry of this black hole is. 
It is natural to expect that a static four dimensional BPS black hole has a near-horizon 
geometry of AdS2 x and this is indeed the case. The radii of the two spaces are 



R 



S2 



Ra 



-/C/2| 



dS2 



2V2g 



(6.62) 



and it can be shown that R^^ > y/2RAds-2 from the constraints on having a horizon. 
As the radii are inversely proportional to the scalar curvature of these spaces, it follows 
that the overall AdS2 xS^ space has a negative curvature, as expected for asymptotically 
AdS4 black holes. Thus it is clear that near the horizon we do not observe a supersym- 
metry enhancement to a fully BPS vacuum as is the case for the asymptotically flat static 
BPS black holes@. Nevertheless, there is still a supersymmetry enhancement from a 1 /4 
BPS overall solution to a 1 /2 BPS vacuum near the horizon, as shown in | 



F ■ 



in a mixed electromagnetic frame 



In order to give an example of black hole solutions in a more general electromagnetic 
frame, one can rotate the sections and FI parameters of the previous example by the 
symplectic matrix 



1 
Vo -3 



s = 







'A 

1/3 


/ 



(6.63) 



such that the prepotential after rotation corresponds to the well-studied in ungauged 
supergravity T'^ model with prepotential 



1\3 



F : 



(6.64) 



and the non- vanishing FI parameters are ^cC^- The theory will then be electrically 
gauged with A'^ and magneticaly gauged with ^i,^. This prepotential cannot lead to 
an AdS BPS black hole in the purely electric gauging, because it does not exhibit a 
supersymmetric AdS4 vacuum. However, in this mixed electromagnetic gauging, the 

model does have a proper fully supersymmetric AdS vacuum. 

Now we can follow the more general procedure outlined in section |6.3.4 . In this case 



it turns out that X° — 



Fi = ai 



The black hole solution will then have 



depend on each other, which does not lead to any qualitative differences. Here we chose to explicitly describe 
the case with n = 1/2 since it is the most relevant case from a string theory point of view as we will see in the 
next section. 

■'^We already saw that AdS2 xS^ is maximally supersymmetric only for Rg2 = RAdS^ 
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one m agne tic charge and one electric charge qi. Going through the BPS equations 
( |6.48| )-( 6.50 ), we can fix all the constants of the solution in terms of the FT parameters 
^0, C^/ apart from one free parameter which we choose to be The charges are given 
by: 

2 fl , 8(5C'/3i)2\ _^ 2 /3 ^gePi?' 



V 



2 /3 



ffCo V 8 3 y ' ge \ 8 3 

for spinor I and II respectively. The other constants in the solution are 



/3" 



Co 



±- 



1 



ai = =F 



4^1' 



1 



(6.65) 



(6.66) 



and one can see that the metric and scalar profile in this case are analogous to the 
example in the previous subsection, as expected. This confirms the consistency of the 
results in section 5.3.4 . The entropy of the black hole is now a function of the electric 
and magnetic gravitino charges, cq = g^o and = gS}, and the black hole charges p° 
and qi . 

Note that we could have for instance rotated the frame from a fully electric to a fully 
magnetic frame, by the symplectic matrix 



S = 



/O -1 



1 
Vo 3 



-1/3 


/ 



(6.67) 



and it turns out that the prepotential F = —2iyJ X'^{X^Y is in fact invariant under this 
transformation. The resulting solution will be the same, but there will be two electric 
instead of two magnetic charges. 



6.3.6 M-theory lift 



An explicit string theory example of abelian gauged N = 2, D — 4 supergravity with FI 
terms was found by a consistent truncation of M-theory on S"^ in [ 114| , 115 ]. A standard 
Kaluza-Klein compactification on S"^ leads initially to an 50(8) gauged iV = 8 super- 
gravity in four dimensions. To avoid some of the complications of non-abelian gauge 
fields, the authors of [ 114 , 115 ] further defined a consistent truncation of this theory to 
an J7(l)* gauged N — 2 supergravity. The 11-dimensional metric ansatz is given by: 



^1/3 



A=0 



K\2 



(6.68) 
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where A = aaMa with the /ia's satisfying fi\ = 1. T hey c an be parameterized 



by the angles on the 3-sphere as explained in more detail in [ |ll4 1115|] - The remaining 
4 angles together with the /ia describe the internal space, while are coordinates 
of the four-dimensional spacetime on which the resulting N = 2, D = 4 gauged super- 
gravity is defined. The factors a\ depend on the four-dimensional axio-dilaton scalars 
Ti = e"*^' + ixi (defined below) and the gauge fields = A^dx^ are exactly the ones 
appearing in the four-dimensional theory. Note that if all the gauge fields are vanishing 
and the scalars are at the minimum of the potential, the internal space becomes exactly 
S'^ . Apart from the metric, the field strength of the 11-dimensional three form field is 
given by: 



F4 = V^gy^ialfil - AaA)e4 + —^y^a^^*daA A ^(ma) 
9 A V ^ 



(6.69) 



with * the Hodge dual with respect to the four-dimensional metric ds4, and £4 the 
corresponding volume form. 

With these identifications, the four-dimensional N — 2 bosonic lagrangian, written 
in our conventions, reads 



i=l 



(6.70) 



+ lRe{M)A^e^''''^F;^^Ff^ + 2g' ^ (cosh^, + ^x^eA . 

One can then check explicitly (using also the particular result f or th e matrix A4 given in 
[ 114 , 115 1) that the above Lagrangian is indeed of the form of ( 5.14 ) with prepotential 



F = -2iVxVOXVP , (6.71) 

where the sections define the three scalars by ^ = T2T3, ^ = tits, ^ = T1T2. 
The Fl parameters take the particularly simple form 

^0 = = 6 = 6 = 1 . (6.72) 

In this theory one can find a black hole solution in analogy to the example in section 
|5.3.5 . Following the general results in section 6.3.3 , = a^ + ^, and from ( 6.40|) - (|6.4l|) 



± J and three arbitrary pa- 
rameters , /3'^ (or equivalently , p^^p^). We will not write down the full solution 
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as the expressions for the constant c and the magnetic charges in terms of the /3^'s are 
very long and do not lead to further insight. It is clear that the particular solution when 
we choose ~ /3'^ — in fact coincides precisely with the solution in section |6.3.5 
and this means that in any case a genuine black hole of the M-theory reduction exists 
particularly when the three complex scalars are equal. In the full solution of course 
there is a wider range of values for /3^, f3^, (3^ that will lead to a black hole, but this will 
suffice for our purposes here. 

We now comment on the meaning of these four-dimensional black holes from the 
point of view of M-theory as a first step towards constructing the corresponding mi- 
croscopic theory. It is notable that the particular M-theory reduction we have leads 
to an electrically gauged N = 2 supergravity and thus the resulting solution has only 
magnetic charges. This in fact makes the higher dimensional interpretation a bit more 
involved. There are two main points one can notice about the full 11 -dimensional ge- 
ometry from the form in ( |6.68 >. First, due to the nonconstant scalars t;, the full space 
is a warped product of the internal seven-dimensional space with the AdS4 black hole 
spacetime. Second, due to the non-vanishing gauge fields A-^ — —p^ cos 6, there is an ex- 
plicit mixing between the four angles 0a of the internal space and the four-dimensional 
angle (p. This leads to four topological charges of the 11-dimensional spacetime, in anal- 
ogy to NUT charges. Note that in case the charges were only electric, i.e. = the 
time coordinate would mix with the internal angles and we would obtain four angular 
momenta, leading to the interpretation of the spacetime as arising from the decoupling 
limit of rotating M2-branes as explained in detail in [114, 115]. In the present case 
however the interpretation of the four-dimensional black holes from M-theory is more 
involved because apart from M2-branes we need to have some Kaluza-Klein monopoles 
in the M-theory solution, in order to account for the topological charge coming from the 
magnetic charges in four dimensions. Unfortunately we were not able to find an explicit 
example for this type of solutions in the literature, which probably is also related to the 
fact that they would break almost all supersymmetryQ. 



6.4 Black branes and toroidal black holes 

Many of the above results considering spherically symmetric black holes in fact can 
easily be extended to objects with a flat horizon, namely toroidal black hole and black 
brane solutions. A very good reference for such solutions in minimal gauged super- 

■'^The black hole solutions in four dimensions preserve only two supercharges, i.e. they are 1/4 BPS in 
N = 2. In Af = 8, they are 1/16 BPS. This means that at least 30 of the original 32 supercharges in the 
original 11-dimensional supergravity will have to be broken for the conjectured bound state of M2-branes 
and Kaluza-Klein monopoles. 
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gravity is [ |109[| . Here we will concentrate on the static solutions with charges, which 
already exhibit the similarity between toroidal and spherical solutions, and allow us to 
also point out the major differences. We will then explain how the BPS solutions can be 
extended to include non-constant scalars in matter coupled supergravity. 

6.4.1 Static solutions in minimal gauged supergravity 

We start from the minimal D = 4 N = 2 gauged supergravity and consider static metrics 
of the form 



1 ^^2 „2j_2 .r2/„x_„2„2 2rj ^ + 

C/2(r) 



ds' = U'ir) dt' - -ir^dr' - r'da' , U'ir) = g'r' - ^ + , (6.73) 



with a toroidal area element (with V the volume of the torus and t the complex struc- 
ture) 

dff^ = ^{dx^ + 2Rerdxdy + IrPdy^) . (6.74) 
imr 

The electromagnetic 1-form (the graviphoton) and its corresponding field strength are: 

A='^dt+ pVxdy , F = ^ dt A dr + pV dx A dy . (6.75) 

The range of the coordinates is restricted to a; e [0, 1], y E [0, 1] with periodic boundary 
conditions. The case of black branes can be obtained by decompactifying the torus, e.g. 
by considering a rectangular torus with V = i?ii?2, t = iR^/ Ri and sending the radii 
i?i and i?2 to infinity. Doing so, we can use the volume as a regulator for black branes, 
and mass and charge densities will therefore be finite and well-defined. 

The above metric describes a class of static charged toroidal black hole solutions 
with compact horizons. They asymptote at r cx) to the vacuum configuration with 
rj = q = p = 0, which is a quotient of AdS4, due to the identifications on x and y. This 
spacetime is sometimes referred to in the literature as Riemann-anti-de Sitter (RiAdS) 
[|ll6| l. Supe rsymmetric toroidal solutions with magnetic charge do not exist, as shown 



in pit 109] from the analysis of the i nteg ra bility condition. The conditions to have a 



supersymmetric solution of the form (|6.73| )-( |5.75|) that asymptotes to RiAdS are 



ri = p = (6.76) 

for arbitrary electric charge. The resulting spacetime has a naked singularity when- 
ever q 0, which is often considered unphysical. In minimal gauged supergravity 
there is therefore no genuine BPS black brane solution. To make the situation more 
appealing, we now turn to general gauged supergravities. We will see that turning 
on matter couplings allows us to generate non-zero central charge and mass for the 
BPS configurations, which also leads to the existence of supersymmetric black brane 
solutions with horizon. 
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6.4.2 Magnetic BPS black branes with scalars 

A class of BPS solutions with genuine horizons, corresponding to black branes and 
toroidal black holes in abelian gauged supergravity with FI terms, can be derived from 
the example in [El l and following the steps in [^. The solutions are in complete analogy 
to the ones found in section with the only exception that the flat horizon forces the 
magnetic charge carried by the graviphoton to vanish, ^ap^ = 0, as already mentioned 
aboveQ. In short, one can find a class of 1/4 BPS solutions, given by 

ds^ = e'C (gr + ^) ' dt^ - , - e-'^r'da' , 



2grJ 



ReX'' = = a^ + —, RbFa = , 

r 

= -1 , = , (-2gV/3^ + ca^ + gp^) = , 

under the restriction £,ap^ = 0, with the toroidal area element given by ( 6.74 ). 



(6.77) 



6.5 Higher genus black holes 

The story of higher genus black holes is very similar in spirit to the cases with spherical 
and toroidal topology. We will therefore be very brief in this section, just marking some 
small differences. We again refer the interested reader to [ 109 | and [ |2l[| for more details 
on higher genus black holes in minimal and non-minimal gauged supergravity. 

In order to outline the main differences, we again consider minimal gauged super- 
gravity and metrics of the form 

= [/2 (,.) dt^ - TT^dr^ - r^da^ , U^{r) = -1 + - ^ + , (6.78) 

U''[r) r 

this time with a hyperbolic plane area element 

dcr^ = d9^ + sinh^ edif^) . (6.79) 
The electromagnetic 1-form (the graviphoton) and its corresponding field strength are: 



A^-dt+pcosh9dip, F = dt A dr + psmh9 d9 A dip . (6.80) 



In order to have a compact horizon, one again needs to periodically identify 9 and ip 
just as in the toroidal case. The main difference here is that the function U (r) includes 

^*The solution holds in gauged supergravity with FI parameters = = const. See section for all 
technical details. 
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the term —1, which makes it much more easier for these solutions to develop event 
horizons. It turns out that the supersymmetry in this case requires 

77 = 0, p = ±1/(25), (6.81) 

with an arbitrary electric charge q. For vanishing electric charge, this becomes a higher 
genus BPS black hole with a genuine event horizon and finite entropy. This is the only 
example of static supersymmetric black hole in minimal gauged supergravity. Again, 
these configurations have a generalization to non-constant scalars in gauged supergrav- 



ity with vector multiplets, following precisely the same steps as in section |63 



Part III 

Superalgebras and BPS Bounds 



Chapter 7 



Conserved supercharges 



7.1 Introduction 



In this short chapter we outline a novel procedure for determining the superalgebra of 
a given background solution in supergravityQ. This procedure relies on the Noether 
theorem and is completely general. There is no assumption about the supergravity 
theory or the background of interest. In the scope of this thesis we are going to apply our 
method to D — 4 N — 2 supergravity, focusing on the asymptotically Minkowski and 
AdS solutions of the previous chapters. We will see that our approach leads not only to 
unique answer for the superalgebra, but also to explicit expressions for the asymptotic 
charges in a given vacuum. These turn out to be automatically finite and well-defined, 
something previously not known to be obvious. In fact, there exists an explicit pro- 
cedure for holographic renormalization [^3|-^o|l of quantities on the boundary of AdS, 
developed for AdS/CFT applications. In our analysis such renormalization is shown to 
be superfluous. 

Before going into details, it is worth explaining that a well-defined and algorith- 
mic procedure for determining superalgebras was already developed in [ 118 ] (see also 
[psil ). It relies on finding the Killing vectors, fc', and spinors, eA, of a given vacuum 
solution, which correspond to the spacetime and fermionic isometries. Each isometry 
has its corresponding abstract symmetry generator in the superalgebra, or Qa- The 
commutator algebra of the Killing vectors and spinors directly gives the superalgebra 



^^To a certain extent this procedure was already used in ], but we further extend it for the purpose of 
finding superalgebra commutation relations. 
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structure constants, 

[Qa,S1=/a'^Qs, (7.1) 
{Qa,Qb} = JabiB^ . 

This is similarly extended to include any other internal bosonic symmetries, such as 
gauge invariance. 

While our proposed method is of course in full agreement with (and to a certain 



extent relying on) the procedure of [ p5| , y_18|], we extend the known results and make 



them more explicit. The improvement is that we provide a more direct way of including 
possible central charges in the supercharge anticommutator. There is no longer need to 
use more general arguments and knowledge of the possible solutions (e.g. the historic 
path to finding the extension of the M-algebra via the M2 and M5 solutions can be 
substantially simplified). Furthermore, our method allows for very explicit evaluation 
of the anticommutator on given states, which to our best knowledge was not possible 
earlier. 

In the next section we will therefore explain carefully our procedure. We keep dis- 
cussion fully general and minimize notational details that will inadvertently depend on 
the explicit supergravity theory of interest. 

7.2 Supercurrents and charges from the Noether theorem 

Given a lagrangian £((/>, dfj^cj)), depending on fields collectively denoted by 4>, we have 
that under general field variations 

<5£-^£^(50 + 9^iV'^ , (7.2) 



where £^ vanishes upon using the equation of motion of (f), and 

Under a symmetry variation, parametrized by e, the lagrangian must transform into a 
total derivative, such that the action is invariant for appropriate boundary conditions, 

d,C = d^K^ . (7.4) 



Combining this with ( |7.2| ) for symmetry variations, we obtain 
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From the previous expression we see that the quantity 

J^" = - N^" , (7.6) 

is the (on-shell) conserved current associated with sjrmmetry transformations. For the 
case of supersymmetry, we call the supercurrent. It depends on the (arbitrary) 
parameter e and is defined up to improvement terms of the form d,yl^^^ where / is 
an antisymmetric tensor, as usual for conserved currents. The associated conserved 
supercharge is then 

Q = j d3xJ°(x). (7.7) 
This supercharge should also generate the supersymmetry transformations of the fields, 

5,<j,^{Q,4,} , (7.8) 

via the classical Poisson (or Dirac in case of constraints) brackets. Since the supercurrent 
and correspondingly the supercharge are defined up to improvement terms and surface 
terms respectively, it is not directly obvious that the Noether procedure will lead to 
the correct supersymmetry variations using ( [7.8[ ). In practice, one always has the infor- 
mation of the supersymmetry variations together with the supergravity lagrangian. It is 
then possible to cross check the answers and thus derive uniquely the correct expression 
of the supercharge. 

The supercharge Q as derived above is unique for each different theory, i.e. every 
supersymmetric lagrangian leads to a different Q. For any background solution of 
a given theory, the supercharge will be a conserved quantity evaluated as a surface 
integral at the boundary of spacetime. However, at this stage Q is a bosonic quantity, 
containing in its definition the supersymmetry transformation parameter e. Thus, in or- 
der to evaluate Q on a given background solution (let 0o denote the collection of fields), 
one also needs to know the parameter e^^ that corresponds to the field configuration 0o- 
Since Q is evaluated asymptotically, it turns out that we only need the asymptotic value 
of £03, in fact the parameter e^^ needs not exist anywhere else except on the boundary of 
spacetime. This asymptotic sprnor is the Killing spinor of the asymptotic background. 
It must satisfy the equation 

'^e^o'/'O \boundary— . (7.9) 

The solution for the Killing spinor e^,, is always of the form 

e0„ = M(x)eo , (7.10) 

with M(a:;) a general spacetime dependent matrix, possibly carrying spinor and other 
types of indices, and eq an arbitrary constant spinor. Since we need only the asymptotic 
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Killing spinor, it will turn out that there are large classes of different field configurations 
with the same e^^ . To give a simple example, all asymptotically Minkowski solutions 
will have e Minkowski ■ It is crucial therefore that the asymptotic vacuum preserves some 
supersymmetry such that a corresponding e^^ indeed exists. One can therefore define 
supercharges for every different vacuum configuration (t>yac, 

Qvac{4>a) = Q{4>o\houndary = 4>vaci ^(j>^a„) ■ (7.11) 

This definition keeps the field configuration 0o arbitrary, as long as it asymptotes to the 
given vacuum. Therefore at this stage Qvac is a field dependent scalar quantity, whose 
dependence on the spinor e is fixed by the asymptotic vacuum. We can also define its 
spinorial analog that t5rpically appears in the superalgebra by stripping off the constant 



spinors eg in ( |7.10D , 



Qvac{<i>o) = QvaciM<^0 = ^oQvaciM ■ (7.12) 

The abstract supercharge Qvac in the superalgebra of the vacuum (pyac can act explicitly 
on the state | cpo > whose fields asymptote to the vacuum via the eigenvalue equation, 

Qvac\4'0 >= Qvac{4'Q)\4'0 > ■ (7.13) 

In explicit calculations one needs to know the Killing spinors of the asymptotic vacuum 
and the field configuration at hand to be able to evaluate QvadM- 

It is then clear how the calculation of the supercharge anticommutators proceeds. 
The quantity {Q,Q} can be explicitly found via the Poisson (Dirac) brackets of the 
fundamental fields. It will result in a field dependent boundary integral that again 
includes the supersymmetry parameters e and is fixed by the lagrangian. For a given 
asymptotic vacuum with known Killing spinor, one can then evaluate 

{Quae, Qvac}{<f>a) = ^olQvac, QvacjiM^O ■ (7.14) 

The (bosonic) matrix {Qvac, Qvac}i4'o) now depends on the asymptotic vacuum and on 
the field configuration at hand. Every vacuum defines its own different superalgebra, 
where the anticommutator of the abstract quantities Qvac is given in terms of bosonic 
conserved charges, coming from the bosonic symmetries of the lagrangian. The eigen- 
value equation 

{Qvac, Qvac}\(f>0 >= {Qvac, QvacjiMl^l^O >= 'Bvac{4>Q)\4>0 > , (7.15) 

produces a matrix of bosonic symmetry eigenvalues B„ac for each field configuration 
(j)o. Since it is a square of a hermitean operator, we further require 'Bvac to be positive 
definite for each field configuration that asymptotes to the given vacuum. The inequal- 
ity 

^vaciM > , "^Mboundary — 4>vac , (7-16) 
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is the BPS bound for the corresponding vacuum. It projects out all negative norm states 
and keeps the states that are stably asymptotic to the vacuum state. 



Chapter 8 

BPS bounds in minimal gauged 
supergravity 



8.1 Introduction 

The procedure described in the previous chapter might seem somewhat abstract at this 
moment, but here and in the next chapter we will see very explicitly how to perform 
it both for minimal and non-minimal gauged supergravity for the Minkowski and AdS 
vacua. In this chapter we realize the general procedure outlined above in the case of 
minimal gauged supergravity. Due to some technical reasons, e.g. the form of the Killing 
spinors, we use slightly different conventions from the rest of the thesis. This simplifies 
substantially the discussion and allows us to concentrate on the physical meaning of 
our analysis. 

The main motivation for our analysis comes from the following paradox. Similarly 
to BPS states in asymptotically flat spacetimes, the authors of [ |119| ] provided a BPS 
bound in asymptotically anti-de Sitter spacetime that in the static case reduces to: 



M>^Ql + Ql,. (8.1) 

Supersymmetric configurations would have to saturate the bound with AP = Ql + Q^, 
for a given mass M, electric charge Qe, and magnetic charge Qm in appropriate units. 



However, in = 2 minimal gauged supergravity, Romans [1102| ] found two super- 
symmetric solutions, one of which does not saturate the BPS bound, and therefore an 
apparent paradox arises. The main aim of this chapter is to resolve this conflict. The 
resolution of the paradox will lie in understanding the BPS ground states of gauged 
supergravity, the associated superalgebras, and in a proper definition of the mass in 
asymptotically AdS4 spacetimes, as we will explain in the coming sections. 

Minimally gauged supergravity has only two bosonic fields, the metric and the 
graviphoton A^. Shortly repeating our analysis from the previous part of the thesis to 
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ease the reading, the most general static and spherically symmetric solution of Einstein's 
equation with a negative cosmological constant and an electromagnetic field is given by, 

ds^ = [/2 (r) dt^ - (r) dr^ - (dS^ + sin^ Odij)"^ ) , (8.2) 

with 

C/2(r) = 1 - ^ + + + , (8.3) 
and with nonvanishing components of the graviphoton 

At = —, A^^-Q,nCos9. (8.4) 
r 

In this class, there are two solutions that preserve some fraction of supersymmetry 



[ |102[| . The first one is the so-called AdS "electric Reissner-Nordstrom (RN)" solution, 
for which the magnetic charge Qm is set to zero and AI = Qe so that the factor U has the 
form: 

fi^^y + gV, g,„ = o. (8.5) 



This solution preserves one half of the supersymmetries (it is 1/2 BPS). Clearly, it satu- 
rates the BPS bound (^j|). Notice that the function U{r) has no zeros. Therefore, there 
is no horizon and the point r is a naked singularity^. Asymptotically, for r oo, 
the solution is that of pure AdS4, with cosmological constant A = —3g^ in standard 
conventions. 

The second supersymmetric solution is the so-called "cosmic dyon", having zero 
mass M but nonzero fixed magnetic charge Qm = ±l/(2g). Such a solution will never 



satisfy the BPS bound (iA). Moreover, the electric charge Qe can take an arbitrary value: 



M = 0, Q„=±l/(2g), u'={gr+^]+^. (8.6) 



2gr, 

Again, there is a naked singularity at r = 0. However, asymptotically, when r oo, 
the solution does not approach pure AdS4, due to the presence of the magnetic charge. 
Instead, the solution defines another vacuum, since M — 0, but this vacuum is topolog- 
ically distinct from AdS4 in which M = Qm = 0. For this reason^, we call this vacuum 
magnetic anti-de Sitter, or mAdS4. 

■^^In AdS spacetimes, siipprsymrpptry does not seem to provide a cosmic censorstiip, contrary to most cases 
in asymptotically flat spacetimes ti2(\ \. Whether cosmic censorship in AdS4 can be violated is stiU an open 
problem, see e.g. |121]. This issue however has nothing to do with the paradox or contradiction mentioned 
above. 

^^One may argue that ground states should not have naked singularities. Clearly, this discussion is related 
to cosmic censorship in AdS, which we mentioned in the previous footnote. It is important to disentangle 
this discussion from the derivation of the BPS bounds. In fact, we already know that in matter coupled 
supergravity there is a magnetic ground state without naked singularities, c.f . chapter 
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The cosmic dyon solution is 1/4 BPS, i.e. it preserves two out of eight supercharges. 
For both the electric RN-AdS and the cosmic dyon, the Killing spinors were explicitly 
constructed in [102]. The fact that the BPS bound (|8.l|) is not satisfied for the cosmic 



dyon leads to a contradiction since states that admit a Killing sprnor should saturate the 
BPS bound. 

In this chapter we show that the cosmic dyon in fact satisfies a different BPS bound 
that follows from a superalgebra different from the usual AdS4 super algebra. We will 
determine the new BPS bound startkig from the explicit calculation of the supercharges 
and computing the anticommutatoiQ In summary, to state the main result of this 
chapter, for stationary configurations, the new BPS bounds are: 

• For asymptotically AdS4 solutions with vanishing magnetic charge, Qm — 0, the 
BPS bound is 

M>|Qe|+.9|J|, (8.7) 
where J is the angular momentum. 



For asymptotically magnetic AdS4 solutions with Q„i = ±l/(2g), the BPS bound 
is simply 

M > , (8.8) 
with unconstrained electric charge Qe and angular momentum J. 

Other values for the magnetic charges are not considered. The quantization condi- 
tion requires it to be an integer multiple of the minimal unit, Qm ~ n/{2g); n e Z, but it 
is not known if any other supersymmetric vacua can exist with n 7^ 0, 1. 

The meaning of the BPS bound is not that all solutions to the equations of motion 
must automatically satisfy ( ^!^ ) or ( |8.8| ). Rather, one constructs a physical configuration 
space consisting of solutions that satisfy a BPS bound like ( |8.7| ) or ( |8.8|) , as mentioned in 
the previous chapter. 

Our procedure also provides a new way of defining asymptotic charges in AdS4 
backgroimds with automatically built-in holographic renormalization, somewhat dif- 
ferent than the procedure developed in [^^-^^. The same technique can also be applied 
to non-minimal gauged supergravity which will be the topic of the next chapter. 

Additional motivation to study more closely the magnetic AdS4 case and its super- 
algebra is provided by the AdS/CFT correspondence. There are suggestions in the liter- 
ature [|9|] that excitations of the dual theory are relevant for condensed matter physics 
in the presence of external magnetic field, e.g. quantum Hall effect and Landau level 
splitting at strong coupling. A better understanding of the mAdS superalgebra could 
then provide us with more insights about the dual field theory. 



^*An alternative approach based on the Witten-Nester energy was proposed in an unpublished paper by 
Izquierdo, Meessen and Ortin, leading to similar conclusions. 
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Plan of this chapter 

First, in section we explain our conventions about the minimal gauged supergravity 
we consider. We follow the procedure of chapter and derive the form of the asymp- 
totic supercharges and their anticommutator. We then take special interest in deriving 
explicitly the form of the anticommutator for spherically sjonmetric AdS configurations, 
showing how the difference between AdS and magnetic AdS arises. We then extend the 
results to include the solutions with non-spherical symmetry in section |8.4[ We see that 
for toroidal topology we find somewhat different results compared to both the AdS and 
the mAdS cases, while the h}rperbolic solutions are in complete analogy to the spherical 
mAdS. In the last section of this chapter we take a more abstract approach and write 
down the full superalgebra for all the asymptotic vacua that are discussed. Some of 
the intermediate calculations that facilitate the discussion in this chapter are left for the 
appendices and referred to when needed. 



8.2 Minimal gauged supergravity 

First we compute the supercurrent from the lagrangian of minimal D — A N = 2 gauged 
supergravity following the conventions of js^ ] (which is written in 1.5-formalism): 



where ^jj = iV'^To, e = ^/detg^, 

1 



4--P 2 
and 



2e 

The spin connection satisfies 



(8.9) 



Vp^dp^ -Lol'^ab - T^gip , (8.10) 



(8.11) 



de° - w'^fc A e" = (8.12) 

for a given vielbein e° = ej^da;'*. The g^-term in the Lagrangian is related to the presence 
of a negative cosmological constant A = — 3g^. 
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In most of our calculations, such as in the supercurrents and supercharges, we only 
work to lowest order in fermions since higher order terms vanish in the expression 
of the (on shell) supersymmetry algebra, where we set all fermion fields to zero. The 
supersymmetry variations are: 



5,i^^ = V^€ - {d^ - J<7af, - ^57m + «<?^M'^' + \Fxrl^^^y)e , (8.13) 



S.el, = -iir^^. , (8.14) 
S,A^ = -iefT^M • (8-15) 
U{1) gauge transformations act on the gauge potential and on the spinors in this way: 

= + : (8-16) 

< = e-^f"-V^ . (8.17) 

We use the conventions in which all the spinors are real Majorana ones0, and the 
gamma matrix conventions and identities of appendix ^ 
The quantities and for this theory are: 

dC — ~ 

N'' = + 2€^"'P''i;,j5lp'Dae + UeF^'''ea^^ . (8.19) 

dC — ~ 

K^" = —buj - 2e^'^''"V„757p2?^e + MeF^^'ta'^i^. ■ (8.20) 

Hence the supercurrent has the form: 

= _4e^''''>^757p^.e . (8.21) 

This expression is gauge invariant due to the cancelation between the variation of the 
gravitino, the vector field and the supersymmetry parameter. Furthermore we can show 
that the supercurrent is conserved 

a^J^ = a^(-4e'''''"^^,757p^.e) = (8.22) 

if we enforce the equation of motion for and use the antisjonmetry of the Levi-Civita 
symbol. 



■^'in conventions here, the two real gravitini in the gravity multiplet are packaged together in the notation: 



= ( ,72 ) . (8-18) 



where each gravitino is itself a 4-component Majorana spinor. Similar conventions are used for the supersym- 
metry parameters. In other words, the SU{2)fi indices are completely suppressed. 



124 



CHAPTER 8. BPS BOUNDS IN MINIMAL GAUGED SUPERGRAVITY 



The Dirac brackets defined for the given theory read (we only need those containing 
gravitinos): 

{^^{x),Mx')}t=t' ^0 , (8.23) 
{i^^ix)M^')}t^t. ^0 , (8.24) 

{^^{x),2e°''P''i^p{x'h5ja}t=t' = S^-'S^x^x') . (8.25) 

We can now check if ( |7.8[ ) holds with the above form of the supercurrent. It turns out 
that, up to overall normalization, we indeed have the right expression without any 
ambiguity of improvement terms. We only need to rescale, since the factor of 4 in ( ^.21 ) 



does not appear in the supersymmetry variations (|8.13| )-( |8.15|) . The supercharge is then 
defined as the volume integral!^ 

Q = 2 [ dE^e^'''«^^,757p^.e 2 / dJ:^,e^''P^lp,j5lpe , (8.27) 

Jv JdV 

where the second equality follows from the Gauss theorem via the equations of mo- 
tion (in what follows we will always deal with classical solutions of the theory). The 
Dirac bracket of two supersymmetry charges is then straightforwardly derived as the 
supersymmetry variation of ( 3.2/] ): 



{2,2} = 2/ dl]^,(e''^'"^e757pl5.e) , (8.28) 

JdV 

which is again a boundary integral. 

The above formula is reminiscent of the expression for the Witten-Nester energy 



[ |122| , |123f| , which has already been implicitly assumed to generalize for supergravity 



applications [124, 125| l (see also [^]). Thus, the correspondence between BPS bounds 



and positivity of Witten-Nester energy is confirmed also in the case of minimal gauged 
N — 2 supergravity by our explicit calculation of the supercharge anticommutator. 



8.3 Two different BPS bounds with spherical symmetry 

In this section, we derive two BPS bounds based on the two BPS sectors that we consider. 
What is relevant for the BPS boimd are the properties of the asymptotic geometries 
and corresponding Killing spinors. The Killing spinors of AdS4 and magnetic AdS4 
("cosmic monopole") are given in App. ^ see also [102]. Since only the asymptotics 



^''For volume and surface integrals in this chapter, we use the notation that 

dS^ = -^tf^^pc, dx" A dxP A dx'^ , dS^^ = ^e^^p^ dx^ A dx'^ . (8.26) 
6e^ 2e^ 
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are important, we can set — in the cosmic dyon solution. The AdS4 solution is 
characterized by M = = Q„ = 0, while mAdS4 by M = 0, Qe = 0, Qm = ±l/{2g). 
The corresponding Killing spinors take a very different form: 

eAds = e^'"''=''"''(9'^)''ie*»*''''e-^''''i=e-5'^''23eo , (8.29) 



^mAds ^ ^ Y + + T i723CT^)eo , (8.30) 

where eo is a doublet of constant Majorana spinors, carrying 8 arbitrary parameters. 
From here we can see that AdS4 is fully supersymmetric and its Killing spinors show 
dependence on all the four coordinates. mAdS4 on the other hand is only 1/4 BPS: its 
Killing spinors satisfiy a double projection that reduces the independent components to 
1 /4 and there is no angular or time dependence. We will come back to this remarkable 



fact in section 5.5 



The form of the Killing spinors is important because the bracket of two supercharges 



is a surface integral at infinity ( 8.28 ). Writing out the covariant derivative in ( 8.28| ), one 
obtains 



{Q,Q}^2<f dS^, 

JdV 



(8.31) 

and it depends on the asymptotic value of the Killing spinors of the solution taken into 
consideration. Therefore the superalgebra will be different in the two cases and there 
will be two different BPS bounds. 



The procedure to compute the BPS bound is the following. From ( |8.27| ) we have a 
definition of the supercharges QAds{<^Ads) and QmAds{<^7nAds)- We will then make use 
of the following definition for the fermionic supercharges QAds, QmAds- 

QAdS = QAdS^fi = <H)QAdS , QmAdS = QmAdS'^0 = (^oQmAdS , (8.32) 



i.e. any spacetime and gamma matrix dependence of the bosonic supercharges Q is left 
into the corresponding fermionic Q. We are thus able to strip off the arbitrary constant eq 
in any explicit calculations and convert the Dirac brackets for Q into an anticommutator 
for the spinorial supercharges Q that is standardly used to define the superalgebra. 
Therefore now we compute the surface integrals ( ^.28| ) for the Killing spinors of AdS4 
and mAdS4 respectively. After stripping off the eg's, we find the anticommutator of 
fermionic supercharges given explicitly in terms of the other conserved charges in the 
respective vacua. The BPS bound is then derived in the standard way by requiring the 
supersymmetry anticommutator to be positive definite, see e.g. [ |l26|l for details. 
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8.3.1 Asymptotically AdS4 states 

We now derive the resulting supersymmetry a lgebr a from the asymptotic spinors of 



AdS4. For this we use the general expression (|8.31| ) for the Dirac brackets of the su- 
persymmetry charges, together with the asymptotic form of the Killing spinors, (|8.29|) . 
Inserting the Killing spinors e^ds of ( 8.29 ) in ( |8.31 ), we recover something that can be 
written in the following form: 

{Q, 2} - -iWAA + Bai'' + + D,,f^ + E,f' + Fai'''')eo , (8.33) 

where the charges A,B,... can be written down explicitly from the surface integral 
( ^.3l| ). They will define the electric charge (A), momentum (B), angular momentum 
{D, with i,j = 1,2,3 spatial indices), and boost charges (E). The charge C would corre- 
spond to a magnetic charge, which we assumed to vanish by construction. Without the 
charge Fa, the above bracket will fit in the 05*^(214) superalgebra (see more below). We 
will therefore take as definition of asymptotically AdS solutions the ones for which Fa 
vanishes. This choice of fall-off conditions is similar to the case of iV = 1 supergravity, 
where the asymptotic charges are required to generate the Osp(l|4) superalgebra [ [127| |. 
Extensions of the N — 2 superalgebra where the charges C and Fa are non-zero have 
been discussed in [ [l28|l . 

From the previous expression we see that conserved charges like Qe, M et cetera 
will arise as surface integrals of the five terms (or their combinations) appearing in the 
superco variant derivative. We are going to see how this works analyzing each term in 



the supercovariant derivative, explicitly in terms of the ansatz of the metric (8^) and 



vector fields ( |8.4|) . This will provide us with a new definition of the asymptotic charges 
in AdS4 with no need to use the holographic renormalization procedure anjrwhere. As 
an explicit example one can directly read off the definition of mass M = i?o/ (8vr) from 



the explicit form of the asymptotic Killing spinors. In the stationary case, 
M = — lira (j) e dT,tr{e-[oe'ie2] + sm9e*^Qe[e'^^ 



(8.34) 



We are going to take into consideration both static and rotating solutions, but we 
will carry out our procedure and explain the calculation in full detail only the case of the 
electric RN-AdS black hole and comment more briefly on the rotating generalizations. 

• Electric RN- AdS 



Here we take into consideration solutions of the form (|8.2[ ) - (|8.4[) with zero mag- 



netic charge, Qm — 0. We now evaluate the various terms in ( p.31| ). 
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To begin, it is easy to determine the piece concerning the field strength, namely 



(8.35) 



Inserting the Killing spinors for AdS4 described in ( 8.29 ), and exploiting the Clif- 
ford algebra relations we get 

2 di:treAds{t,r,0,^)eF'''ahAds{t,r,e,^) ^ 8iTTe^Qe<J^eo , (8.36) 

with the definition of the electric charge 
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F*W^ sm0d0d(l). 



(8.37) 



From here we can identify the term A = SnQeO-^ appearing in ( j.33 ). 

Next we consider the term containing the "bare" gauge field A^. This gives a 
possible contribution to the charge Fa in (|8.33|) . As we mentioned above, we 
assumed this contribution to vanish for asymptotically AdS solutions. One can 
explicitly check this for the class of electric RN-AdS solutions given in (8.2), since 
the only nonzero component of the vector field is At (see (8^)), hence 



^ dJ^tr [e*"''"eAds(t, r, 9, v)-i^-ipigA,a''eAds{t, r, 9, y^)] = . (8.38) 



The term with the partial derivative 9^ in ( |8.31| ) in the supercovariant derivative 
gives nonvanishing contributions for a = 9,(p and it amounts to the integral: 

2 (j) dT,tr [e^'''"'eAds{t,r,0,ip)j5jpda€Ads{t,r,9,ip)] = -2«^ re^7oeo sin6'd6'd93 . 

(8.39) 

Clearly, this term will contribute, together with other terms, to the mass. 
The integral containing the spin connection is: 

2 f 

dSt^e*'^'""eAds(i, r, 9, ip)-/5lp lab eAdsit, r, 9, if) = 



= 2i ^m"rx/lTg^^ 1 



2M , Q2 



eo siii9 d9d(p , 



(8.40) 



where we have used 



(8.41) 
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and the value of the spin connection: 



w. 



01 



UdrU, ujI^ = -[/, Lu^^ = -[/sin 61, ujf = -cos9 



(8.42) 



Also ( j.40|) will contribute to S", and therefore to the mass. 

The last contribution of the supercovariant derivative, the term proportional to 
g'fa, yields 

-2 dJ:tr€''^("'eAds{t,r,0,^)'-^-f5-fpjaeAds{t,r,e,ip) = -2t j^e^j^r'^gho sin^dM^. 

(8.43) 

In deriving this we have used the formula ^^"^^^^ = 27*''. Again, this term con- 
tributes to the mass formula. 



Collecting all the terms that contribute to the mass (the derivative term ( p.39| ), the 
sum of the spin connection term ( S.40 ), and the gamma term ( ^.43 )) gives rise to: 



2i (p e^7 



„ „ 2M Ql 3 2 



eo sine AOd^p . (8.44) 



The integral has to be performed on a sphere with r ^ 00. Taking this limit one 
can see that in this expression all the positive powers of r are canceled. Hence 
all possible divergences cancel out, and we are left with a finite contribution. In 
this sense, our method provides a holographic renormalization of the mass. In the 
cases we can compare, our method agrees with previously known results. 

Performing the integral on the remaining finite part we find: 



(8.45) 



To sum up, for the electric RN-AdS solution, the brackets between supercharges 
read: 



(8.46) 



Now we can strip off the constant linearly independent doublet of spinors eo on 
both sides of the above formula to restore the original 5*0(2) and spinor indices: 



{g^", g^^} - stt (a/<5^^<5"^ - z gee^^(7°)"'') 



(8.47) 



This expression coincides with the one expected from the algebra OSp{2\A) (see 
(^.75|) in the next section) if we identify Af_io = SttM and T^^ = STrgg. 
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The BPS bound for the electric RN-AdS solution is then^: 

M>\Q,\. (8.48) 

The state that saturates this bound, for which M = \Qe\, preserves half of the 
supersymmetries, i.e. it is half-BPS. It is the ground state allowed by ( ^.4£ ) and 



represents a naked singularity. All the excited states have higher mass and are 
either naked singularities or genuine black holes. 

It is interesting to look at the case of extremal black holes, in which inner and outer 
horizon coincide. This yields a relation between the mass and charge, which can 
be derived from the solution given in ( ^.2|) . Explicit calculation gives the following 



result [109]: 



M,,tr = ^(^1 + 1 VQ^ + 2)(v/l + 12.g2g2 - 1)1/2 (g_49) 

This lies above the BPS bound unless Qe = 0, in which case we recover the fully 
supersymmetric AdS4 space. Thus, 

Me:,tr > MbPS ■ (8.50) 

• Kerr-AdS 

The Kerr-AdS black hole is an example of a stationary spacetrme without charges 
but with non-vanishing angular momentum. It is most standardly written in 



Boyer-Lindquist-type coordinates and we refer to [ |109| for more details. More 
details on how to calculate the angular momenta from the anticommutator of the 
supercharges can be found in App. ^ The BPS bound is straightforward to find 
also in this case, leading to 

M > g\J\ , (8.51) 

where the BPS state satisfies M = g\J\ and in fact corresponds to a singular limit 
of the Kerr-AdS black hole because the AdS boundary needs to rotate as fast as the 



speed of light |jll2|l . Note that in general for the Kerr black hole we have | J | — aM, 
where a is the rotation parameter appearing in the Kerr solution in standard no- 
tation. Thus M — g\J\ implies a — 1/g, which is exactly the singular case. All the 
excited states given hy a < 1/g are however proper physical states, corresponding 
to all the regular Kerr-AdS black holes, including the extremal one. Thus the BPS 
bound is always satisfied but never saturated by any physical solution of the Kerr- 
AdS type, 

M,^tr > Mbps , (8.52) 

as is well-known. 



See e.g. |126 1 for details on the general procedure of deriving of BPS bounds from the superalgebra. 
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• KN-AdS 

The BPS bound for Kerr-Newman-AdS (KN-AdS) black holes0 is a bit more in- 
volved due to the presence of both electric charge and angular momentum. We 
will not elaborate on the details of the calculation which is straightforward. The 
resulting BPS bound is 

M >\Q,\+g\J\^\Q,\ + agM , (8.53) 

and the ground (BPS) state is in fact quarter-supersymmetric. The BPS boimd in 
general does not coincide with the extremality bound, which in the case of the KN- 



AdS black holes is a rather complicated expression that can be foimd in [ |109| , |112|] . 
Interestingly, the BPS bound and the extremality bound coincide at a finite non- 
zero value for the mass and charge (with ag <\), 

\Qe,cr^t\ = i ' (^.54) 

Now we have two distinct possibilities for the relation between the BPS state and 
the extremal KN-AdS black hole depending on the actual value for the electric 
charge (there is exactly one BPS state and exactly one extremal black hole for any 
value of charge Qe)'- 

Me^tr > Mb PS , IQel 7^ IQ 

(8.55) 

Mextr = MbPS i \Qe\ = \Qe.crit \ ■ 

So for small or large enough electric charge the BPS solution will be a naked sin- 
gularity and the extremal black hole will satisfy but not saturate the BPS boimd, 
while for the critical value of the charge the extremal black hole is supersymmetric 
and all non-extremal solutions with regular horizon will satisfy the BPS bound. 



8.3.2 Magnetic AdS4 

Unlike the standard AdS4 case above, the Killing spinors of magnetic AdS4 already 
break 3/4 of the supersymmetry, c.f. (E^). The projection that they obey is. 



iriAdS 



P= -(1 + i7i)(lTi723CT2) 



(8.56) 



for either the upper or lower sign, depending on the sign of the magnetic charge. Fur- 
thermore, one has the following properties of the projection operators. 



P^P = P^i-fiP = ±P'^i-f23a^P = ±P^-i-/oj5a^)P = P 



- -^pt 







(8.57) 



^See again [ 109 1 for more detailed description of the KN-AdS black holes. 



131 



and all remaining quantities of the form P^TP vanish, where F stands for any of the 
other twelve basis matrices generated by the Clifford algebra. 
These identities allow us to derive, from (|8.3l|) , the bracket 

{Q,Q} = i^o7o(-«8^)MPeo ^ {e^PQ, (PQ)^eo} = e^(8^Af)Peo . (8.58) 
provided that the mass is given by 

M = ^ \im^ j e AY.tr {^gr + (^2g(Aeefoe5e^] + A^e[oe^e^j) 



(8.59) 



This expression simplifies further if we choose to put the vielbein matrix in an upper 
triangular form, such that we have nonvanishrng e"'^'^''^, e^'^''^, e^''^, ej^, and the inverse 
vielbein has only components e^^"^''^ , e^'^'"^, Cj'"^, 63 . The mass is then 



M = i- ^lim ^ e dYtr (^gr + (^!^e*eje^e^ + 256*6^ ~ e*e^e^ + cvl^elele^,) 

(8.60) 



Notice that this mass formula is different from the one for asymptotically AdS4 space- 
times. 

Stripping off the parameters eo in ( S.58 ), leaves us with a matrix equation in spinor 
space. Due to the projection operators, one is effectively reducing the number of super- 
charges to two instead of eight. These two supercharges are scalars, since the Killing 
spinors are invariant under rotation as they don't depend on the angular coordinates 
(see also in the next section). Denoting them by and Q^, the anticommutator then 
becomes 

{Q^,Q'^} = SttM6" , I, J =1,2. (8.61) 
Hence the BPS bound is just 

M > . (8.62) 

Saturating the bound leads to a quarter-BPS solution. None of the other conserved 
charges, i.e. the electric charge and (angular) momentum, influences the BPS bound 
due to the projection relation ( 3.57| ). Thus Qe and J can be completely arbitrary. 

In particular, for the case of of the Reissner-Nordstrom solution (8.2) with fixed 
magnetic charge Qm = ±1/(25) ^rid Qe arbitrary, the mass integral ( S.59 ) yields 




1 + g^r^ h — L - gr^ sm 6* dOdip = 

r 2(7 / 
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= -^j [-g^r^ -^+M-^+g^r^ sin 6 dOdip = M . (8.63) 

This is exactly the mass parameter M appearing in ( |E.13| ). The supersymmetric solu- 
tions found by Romans (the so-called cosmic monopole / dyons) have vanishing mass 
parameter hence indeed saturate the BPS bound ( |8.62 ). 

Of course in the context of a rotating black hole vanishing mass results in vanish- 
ing angular momentum due to the proportionality between the two, i.e. an asymp- 
totically mAdS Kerr-Newman with non-zero angular momentum spacetime can never 
saturate the BPS bound ( 8.62 ). Nevertheless, excitations over the magnetic AdS4 include 
all Reissner-Nordstrom and Kerr-Newman AdS black holes that have fixed magnetic 
charge 2gQ„i = ±1 and arbitrary (positive) mass, angular momentum and electric 
charge. All these solutions satisfy the magnetic AdS4 BPS bound. 



8.4 Non-spherical BPS bounds 

As explained in the previous part of the thesis, the situation with supersymmetric asymp- 
totically AdS solutions with toroidal and hyperbolic symmetry is slightly different. 
Magnetic ground states as mAdS4, considered above for spherical symmetry, do not 
appear in the case of toroidal topology. Contrary to this, in the case of hyperbolic topol- 
ogy the only BPS ground state has non-vanishing magnetic charge, i.e. pure hyperbolic 
AdS does not admit Killing spinors. Thus, apart from the two cases with spherical sym- 
metry discussed above, we have only two AdS-like groxmd states with non-spherical 
symmetry. Their corresponding Killing spinors can be found in appendix ^ We now 
turn to each of them separately, keeping the discussion short since it is very similar in 
spirit and outcome to the previous section. 



8.4.1 Toroidal AdS4 

As explained in chapter ^ the AdS ground state with flat topology is called RiAdS and 
has vanishing mass, electric and magnetic charges. Its Killing spinor breaks half of 
the supersymmetry due to the toroidal compactification of coordinates. It is derived in 
details in appendix |e| and reads 

emAds = (^^^) ^0 = V^Pea ■ (8.64) 

This result agrees with the one found in [|l09|l . The toroidal black holes can be seen as 
excitations over the background characterized by these Killing spinors. To find the BPS 
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bound, we p lug the spinors (|8.64| ) in the formula for the Dirac bracket of two super- 
charges ( S.31 ). We first note the relations involving the projector ( E.14 ): 



F^7lP = P , PJ02P = P{-iloi2)P = I02P , 

= -P(-«7013)-P = 703^ , ^^723-? = Pill2zP = 723-P • 



(8.65) 



All the other gamma matrices between two projectors give zero: this strongly limits 
the number of terms present in the superalgebra. The anticommutator between two 
supercharges can now be computed. Due to the projection identities ( 8.65 ) and the 
symmetries of the gamma matrices^ only four terms appear, and the result is 



{Q,Q} = 2(Peo)(-«A^7° " ^^27' - ^^'37' - Zj^a^)Peo . 
The mass M has the following expression: 

dEi.e* el ( 2gr - r{ujfel + ujfel + u^l^el) ) , 

and the central charge Z reads: 



M = - lim 

2 r— foo 



Z = lim 



rF 



rp2 



(8.66) 



(8.67) 



(8.68) 



where F is the vector field strength written as a two-form. The above formulas are valid 
after choosing an upper triangular vielbein, as in ( E.ll ). We omit the formulas for the 
momenta P2 and P3, which are straightforward to derive from (|8.3l| ) and ( p.64| ), but are 
not particularly insightful since they vanish for static solutions. 

The main outcome of our analysis is therefore that for static black branes and toroidal 
black holes the BPS bound 



M > \Z\ 



(8.69) 



must be satisfied. 

To give an explicit example how the BPS bound constrains the solutions space, 
we now restrict our attention to static solutions of the form ( 6.73 ) with zero magnetic 
charge. The above mass formula can be explicitly evaluated: 



M = i lim / dxAyV 

2 r— ^00 J 



2gr 



,13 



277 



(8.70) 



lim (p dxAyV \ gr'^ — r'^\j r'^g'^ ' ~^ ^ ] — ^ I dx/ dy ?] — V rj . 



^^t"'^ 1 7'^'^ are symmetric in their spi nnr i ndires. while 7^^ is antisymmetric (see App. ^ for our gamma 
matrix conventions). The four terms in ( j.66 1 are therefore the only non-vanishing contributions from ( |8.3]|) . 
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We see that the divergent part cancels (notice that the dependence on t drops out, as 
a consequence of the modular symmetry) and we are left with the finit e qua ntity rj for 



the mass density M/V. Furthermore, the formula for the central charge (|8.68| ) gives zero 



when computed on the ansatz (|6.73|) , 



Z = prV^O, (8.71) 

since p is forced to vanish for asymptotically RiAdS solutions. We then have M = rjV, 
P2 — P-i — Z — for these solutions. Consequently, the BPS boimd is just: 

?y > . (8.72) 

Note that the BPS bound does not involve the electric charge, similarly to the mAdS 
case. Moreover, this bound also holds in the decompactification limit for black branes, 
where the mass density ?/ is a finite number even if the mass AI is infinite. The BPS 
bound is saturated for 77 = with an arbitrary electric charge q. The resulting spacetime 
has a naked singularity whenever g 7^ 0, as already explained in chapter ^ 

8.4.2 Hyperbolic mAdS4 

For completeness sake, this short subsection is devoted to the hyperbolic version of the 
magnetic AdS vacuum. From the explicit calculation of the Killing spinor of the vacuum 
solution, with vanishing mass and electric charge and magnetic charge p ~ ±1/ 2g, 



^Hyp-mAdS ^ \\J 9''' ~ '^^^ ^ «7i)(l T «723cr^)eo , (8.73) 

one can see that the situation is very much analogous to the spherical mAdS case. The 
supersym metry commutator and BPS bound trivially follow from the same steps taken 
in section ^isj. The bound is again 

M > . (8.74) 



8.5 Superalgebras 
8.5.1 AdS4 

The procedure we used to find the BPS bound determines also the superalgebras of 
AdS4 and mAdS4, which are found to be different. In fact, given the Killing spinors and 



Killing vectors, there is a general algorithm to determine the superalgebra, see [ |118|1 and 
chapter 13 in | 
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For what concerns the pure AdS4, in 2 gauged supergravity the superalgebra 
is 05*^(214), which contains as bosonic subgroup 5*0(2,3) x 5*0(2): the first group is 
the isometry group of AdS4 and the second one corresponds to the gauged R-symmetry 
group that acts by rotating the two gravitinos. The algebra contains the generators of 
the 50(2, 3) group Mmn {M, iV = -1, 0, 1, 2, 3), and T^^ = -T^^ = Te^^, A,B = 1, 2, 
the generator of 50(2). Furthermore, we have supercharges Q^" with A ~ 1,2 that are 
Majorana spinors. The non-vanishing (anti-)commutators of the 05p(2|4) superalgebra 
are: 

[Mmn, Mpq] = -timpMnq - tjnqMmp + VmqMnp + VnpMmq 

(8.75) 



[Q^'', Mmn] = 1(^1 nTpQ'"'' 



AB 



where f]MN — diag(l, 1, —1, —1, —1), the gamma matrices are 7^/ = {75,«7^75}, and 
IMN — ^[iM, In]- T does not have the role of a central charge, as it does not commute 
with the supercharges. Nevertheless it is associated to the electric charge^ The isome- 
try group of AdS4 is 50(2, 3), isomorphic to the conformal group in three dimensions, 
whose generators are 3 translations, 3 rotations, 3 special conformal transformations 
(conformal boosts) and the dilatation. 



8.5.2 mAdS4 

In the case of mAdS4, the symmetry group is reduced. Spatial translations and boosts 
are broken, because of the presence of a magnetic monopole. There are 4 Killing vectors 
related to the invariance under time translations and rotations. The isometry group 
of this spacetime is then R x 50(3). Furthermore, we have also gauge invariance. 



The projector ( |8.56|) reduces the independent components of the Killing spinors to 1/4, 
consequently the number of fermionic symmetries of the theory is also reduced. We 
have denoted the remaining two real supercharges with {I — 1, 2). To sum up, the 
symmetry generators of mAdS4 are: 

• the angular momentum Ji,i — 1,2,3, 

• the Hamiltonian H, 

• the gauge transformation generator T, 



**If we perform a Wigne r-Tn iinii contraction of the algebra, gives rise to a central charge in the 

Poincare superalgebra. See | p5| ] for further details. 
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the two supercharges where / = 1,2. 



From ( 3.61 ) the anticommutator between two supercharges is 

{Q',Q^} = H5" . (8.76) 

Since mAdS4 is static and spherically symmetric, we have the commutation relations 

[77, J,] =0, Jj] =eyfe Jfc . (8.77) 

The following commutators are then determined by imposing the Jacobi identities: 

[Q^ J,] = [Q^ il] = . (8.78) 

Next, we add the gauge generator T to the algebra. Because of gauge invariance, we 
have the commutators 

[T, J,] = [T,H]^Q. (8.79) 
From the Jacobi identities one now derives that 

[Q',T] = e''Q\ (8.80) 

with a fixed normalization of T. This commutator also follows from the observation that 
gauge transformations act on the supersymmetry parameters in gauged supergravity, 
together with the fact that T commutes with the projection operator P defined in the 
previous section. 



The first commutator in ( 8.78 ) implies that the supercharges are singlet under 
rotations. This is a consequence of the fact that the mAdS4 Killing spinors have no 
angular dependence [ ]102| ]. Group theoretically, this follows from the fact that the group 



of rotations entangles with the SU{2)b symmetry, as explained in 

8.5.3 RiAdS4 

The full superalgebra of RiAdS can be most clearly presented as follows. After the 
projection we have only 4 real supercharges present, which we label Qi,Q2,Q3,Q4- 



The non- vanishing supercharge anticommutators can then be read from ( 8.66 ) 



{Ql:Ql} = {QS, Q3} - M + P2 , {Q2, Q2} = {Q4, Q4} =M~P2 

{Ol,Q2}-{Q3,Q4} = P3, {Ql..Q4}=-Z, {Q2,Q3} = Z, 



(8.81) 



and the action of the gauged U{1)r symmetry leads to 

[Qi,T] = Q3, [Q2,r] = 04, [Q3,r] = -Qi, [Q4,r] = -Q2. (8.82) 
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The other commutators vanish due to the form of the Killing vectors, the fact that gauge 
transformations commute with translations and compatibility with the super Jacobi 
identities. This shows that indeed Z is a central charge, similar to the magnetic central 
charge in the Poincare superalgebra. 

Due to the toroidal compactification, the theory is endowed also with modular in- 
variance. The metric and the Killing spinor are invariant voider transformations that act 
on both the parameter r and the coordinates (a;, y): 

r^^, f^UMf-Uf" Mf^V (8.83) 



CT + rf' \ y J \ y J \ c d J \ y 

with the condition ad — be = 1, i.e. M e SL{2, Z). For a finite volume of the torus, 
the superalgebra can be interpreted as corresponding to a modular invariant quantum 
mechanics theory in one dimension, since one can further reduce the 3d theory, dual to 
RiAdS, on the two compact spatial dimensions. This interpretation is no longer valid in 
the infinite volume limit where the boundary is an infirvite flat plane. 



8.5.4 Hyperbolic mAdS4 

As explained above, the situation for hyperbolic mAdS is fully analogous to the one of 
spherical mAdS. This also holds for their superalgebras, the only difference of course be- 
ing that spherical symmetry encoded in the structure constants for the angular momenta 
commutator changes into hj^erbolic symmetry. We will therefore not elaborate further 
on hyperbolic mAdS4 solutions as their behavior is already captured in our analysis of 
spherical mAdS. This remains being true in the next chapter when we consider more 
complicated solutions allowing for nanning scalars. 



Chapter 9 

BPS bounds in the matter-coupled 

theory 



9.1 Introduction and general results 

We continue our analysis of BPS bounds in the most general case of matter coupled 



electrically gauged supergravity, i.e. coming back to the lagrangian ( |2.1[ ) and our origi- 
nal notation. After understanding more clearly the vacuum structure of gauged super- 
gravities in the previous chapter, here we concentrate more on black hole solutions with 
non-trivial scalar profiles. We find an unexpected similarity between BPS solutions with 
very different asymptotics. 

As we show in the following, the superalgebra structure does not change when con- 
sidering more general matter couplings in the theory. However, the explicit definition 
of the asymptotic charges {M,Qe, etc.) of a given solution depends directly on the 
field content. We first derive the form of the supersymmetry anticommutator for all 
possible solutions of gauged supergravity with vectors and hypers. Then we focus on 
the special cases of Minkowski, AdS, mAdS, and RiAdS asymptotics where we evaluate 
the anticommutator explicitly. These calculations show that the hypermultiplets do not 
produce additional central charges in the superalgebra. We are also able to formulate 
renormalized expressions for the mass in AdS and mAdS. Our results in AdS are in exact 
agreement with the techniques of holographic renormalization [^3|-^o|l. On the other 
hand, the mAdS mass takes a different form and in some examples leads to qualitatively 
different results that have no analog in previous literature. 

From our knowledge of the minimal case and with the help of the susy variations 
we can derive explicitly the supercharge, as done in appendix ^ The original expres- 
sion for the supercharge is somewhat lengthy and non-suggestive. However, using the 
equations of motion for the gravitinos we can cast the supercharge into a much simpler 
form as a surface integral (see the appendix for the technical details). 



140 



CHAPTER 9. BPS BOUNDS IN THE MATTER-COUPLED THEORY 



The important quantity for our purposes here is the Dirac bracket of two super- 



charges. It can be derived from the supercharge ( |G.10| ) and takes the remarkably simple 
form 

{Q,Q}= (f d^^.e^'^P'^e^-fpV^eA + h.c. (9.1) 

JdV 

This is the main general result of this chapter. It can be explicitly evaluated on every 
spacetime that has an asymptotic Killing spinor. 



Compared with the corresponding expression in the minimal case, ( p.lD is just a 
straightforward generalization. A priori, one could expect some more radical changes 
due to the presence of vector and hypermultiplets, but this is not the case. We already 
see that the main conclusions of the previous chapter remain the same, with the differ- 
ence that the definition of the asymptotic charges will generalize to accommodate for 
the possibility of non-constant scalarsQ. In order to give more precise statements, we 
need to plug in the explicit Killing spinors of interest in the general Dirac bracket ( |9.l| ). 

In the following sections we consider more carefully the cases of Minkowski, AdS4, 
mAdS4, and RiAdS4 asymptotics, paying special attention to the asymptotic charges in 
stationary solutions. In each of the cases we give an explicit example from the study of 
black holes as an application of our results. Somewhat surprisingly, we are able to find 
a very simple unified formula for the mass of supersymmetric black hole spacetimes in 
all spherically symmetric cases. This also leads to a better conceptual understanding 
of the difference in the mass in AdS and mAdS spacetimes. We conclude with some 
remarks on the connection of our results to alternative approaches in literature. 



9.2 Asymptotically flat solutions 
9.2.1 General analysis 

Here we will be interested in the superalgebra and asymptotic charges of Minkowski 
spacetime. In the context of electrically gauged supergravity with vector and hyper- 
multiplets the necessary conditions for a Minkowski vacuum were derived in chapter 
i 

k\L^ = , klL^ = , Pa = , (9.2) 

together with constant scalars, vanishing field strengths and flat M^'^ metric. These are 
now the conditions that asymptotically flat solutions will have to satisfy as r — !• oo (we 
always work in spherical coordinates in this section). 

^^Note that for a solution with constant scalars (both in the vector and in the hypermultiplet sector) is 
equivalent with the result for the minimal case. Thus, the only difference between the asymptotic charges in 
minimal and non-minimal supergravity lies in the possibility for non-constant scalar profiles. 
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The Majorana Killing spinors of Minkowski in spherical coordinates are 

where el''^ are two arbitrary and linearly independent constant Majorana spinors. We 
will use the notation e'^ for Majorana spinors and ea, £^ for the positive/negative chi- 
rality Weyl spinors that are used in our notation. The chiral spinors are related to the 
Majorana ones through 

_ 1+75 ~A ^A _ 1-75 ~A / ^* _ ,A /q 



Having the Killing spinors we can now in principle plug ( |9.3| ) in ( p.l| ) and derive the 
supercharge anticommutator directly. Of course, we already know the general answer 
from the Poincare superalgebra, 

{Q^", Q^^} = 6^^{ij^'^C-^)''^PM - e^^HReZ + i-fHmZ){C-^))''^ , (9.5) 

where C is the charge conjugation matrix, Pm is the momentum operator, and Z is the 
complex central extension of the superalgebra. The explicit eigenvalues of the operators 
Pm and Z for any asymptotically flat solution can be computed now from (P.l| ). The 



additional C/ ( 1 ) and Sp{l) cormections in (|9.1|) from the matter multiplets can potentially 



lead to contributions to the supersymmetry anticommutator that are not of the type 
( |9.5[ ). Since we know that Minkowski asymptotics will necessarily lead to the Poincare 
superalgebra it follows that these additional connections must fall off fast enough so 



that they do not contribute. (|9.5| ) can in fact be taken as a definition for asymptotically 
flat spacetimes. In practice, the condition for the fall off of the connections will be equiv- 
alent with imposing the metric to approach Minkowski space. This will be illustrated 
more clearly with an explicit example. 



In the next subsection we give the explicit expressions for Pq, Z in ( p.5|) for the 
stationary case, but one can straightforwardly derive the asymptotic charges in full 
generality if needed. 

9.2.2 Stationary solutions 

For stationary solutions we find that the supersymmetry anticommutator takes the fol- 
lowing formQ: 

{Q^", Q^^} = (5'4^87rM(i70C-i)°^ - e^^87r((ReZ + z7^ImZ)(C-i))"'^ , (9.6) 



*We rescale the central charges for convenience. 
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where the complex central charge is given by 

Z = lim (f T- ^ lim (L^QA - MaP^) , (9.7) 

47r r— voo J g2 r— >-oo 

as derived in detail in [ [l29|l P|. The derivation of the central charge from ( |9.l|) is a bit 
subtle and uses the fact that V^ea contains a T"^, term, while V^e^ contains . This 
eventually leads to / (T-(l + 75) + T+(l - 75)) - ReZ + i-fHuiZ. This calculation 
picks out the electric and magnetic charge carried by the graviphoton, which explicitly 
depend on the asymptotic values of the vector multiplet scalars. 
The mass, on the other hand, remains unaffected by scalars, 

M = i- j {e\^ele% + sin 9 e\^elel - (c.f efpe^e^j + <efoe^,e^)) , (9.8) 

just as in the minimal case. 

The BPS bound, as always for stationary asymptotically flat solutions, is 

M > \Z\ . (9.9) 

Note that the hypermultiplet sector seems to be completely decoupled from the above 
calculations since the hypers do not influence the asymptotic charges. This suggests that 
the stabilization of the hypers at a particular supersymmetric point in moduli space as 
described in chapter || might be the generic situation in this case. 

9.2.3 Black hole example 

As a standard example we carijust briefly glance through the single-centered supersym- 
metric black holes of chapter ^ c.f. [^3|l . First we take the most standard case of a static 
black hole as a warm up for the static examples in AdS and mAdS. We then also explain 
the case of a rotating BPS saturated Kerr-Newman metric, which provides a non-trivial 
test of the BPS bound (|!|). 

The metric and symplectic sections in spherical coordinates are 

ds^ = e'^(d<2 + Lodif^) - e-'^dr^ - e-'^r^dnj , 

r)A (9.10) 

2 Im(X^) = H^ = h^ + t^, 2 Im(FA) = i/^ = /ia + — , 

r r 



*^Note that the charges and p'^ in (^./j are the standard electric and magnetic charges as commonly 
'ined in literature. The electric charges come from the dual field strengths Ga^v = i^fj.vp<ygjS\ 
chapter^ for more details. 



defined in literature. The electric charges come from the dual field strengths Ga^v = i^fivpcr ■ See 
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where h^, are arbitrary constants that decide the asymptotic value of the scalars, 
usually chosen such that asym ptotes exactly to 10 The rotation uj is present only 



when the Kahler connection (|3.18| ) is non-vanishing. 

Let us consider as a first simple example the prepotential F = — ^ with non- 
vanishing magnetic charge p° and electric charge qi (also non- vanishing ,hi). This 

implies that = fijo,^! = and e''^ = -^^H^iHif. The U{1) connec- 

tion vanishes and therefore the metric is static, = 0. To normalize the Kahler potential 
we choose h^{hi)^ — ^ and find for the central charge 



The mass can be calculated from ( 9^ ) with the metric ( [).10| ) and spin connection 



, ,13 

, ,12 _ 



and becomes 

M = lim (-r29,e-'=/2) ^ ] ( El + 3^^) . (9.12) 

This illustrates that the above spacetime is supersymmetric since M = \Z\. 

A slightly more challenging example is provided if we take the supersjrmmetric 
Kerr-Newman spacetime from section 4.2 of [Q. We will literally consider the same 
solution, taken in minimal supergravity with a prepotential F — — such that 

e~'^ — In oblate spheroidal coordinates (c.f. (59) of [Q), the harmonic functions 

that give the solution are 

mr n 2ck cos 9 

Hn = l+ — , H° 



Solving for the vector field strengths from this, we find that qo = m.p^ = 0. This means 
that 

Z = e^'^X^m =^ \Z\=m. (9.13) 



The Kahler connection (c.f. ( |3.18|) ) in this example is in fact non-vanishing. 



**One does not really need to stick to a particular choice for h^, h^- We can always perform a coordinate 
transformation to make sure that we have the correct asymptotics at r — 5> oo. This has exactly the same effect. 
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However, it goes as as r — > oo and therefore does not contribute to the supercharge 
anticommutator and keeps the Minkowski asymptotics. If we further perform a redefi- 
nition r — > r — 771, we obtain a stationary supersymmetric metric in the familiar form 

, 9 (r — rn)^ + cos^ , , , (2m,r — w?)a cos^ 6 , r"^ + cos^ 9 , , 

- ....... (dt^ + ^^-rr^^T— TTT V) - t:— -T^— ^dr^ 



(9.14) 

(r2 + cos^ e)A0^ - (r^ + a" cos^ 0) ^ '''' 'l^ ^^ sin^ 9dip^ , 



[r — m)2 + cos^ 6 (r — to)^ + 

(r — m)^ + a 
(r — m)^ + cos^ ^ 

which is the Kerr-Newman metric with equal mass and charge, leading to a nakedly 
singular rotating asymptotically flat spacetime. The mass can be again found by 

M = ... = lim {-r^drc-'^/^) = m = \Z\ , (9.15) 

r— f oo 

after converting back to spherical coordinates^. This confirms that the Kerr-Newman 



metric (9.14) is supersymmetric and that the angular momentum, J = am, indeed does 



not enter in the BPS boimd ( W ) and remains unconstrained by supersymmetry. 



9.3 AdS4 asymptotics 
9.3.1 General analysis 

The necessary conditions for AdS4 vacuum, derived in chapter ^ are: 



k\L^ = , klL^ = 



(9.16) 



... F^ 

Sol A = _Q„/2 _ _Q„2 px px t A 



with constant scalars, vanishing field strengths F^^, = and AdS4 metric with cosmo- 



logical constanl^ A = -3g'^ = Sg^P^P^L^L . ( P.16D will have to hold at r ^ oo for 
all asymptotically AdS spacetimes, together with the usual conditions on the metric. 
Note that we do not allow for asymptotic magnetic charge for the graviphoton, i.e. 
P\A{^ ~ 0. Unlike in the minimal case, this does not rule out the existence of magnetic 
charges but only restricts them. 

The last condition in ( ^.16|) tells us that the P^L^'s are restricted in a certain way. We 
will assume that they are aligned in one particular direction asymptotically^ (direction 



49 T 



Eq. ( 3.15 1 holds also in the given set of Boyer-Lindquist coordinates, but in order to use (|9.q) one needs to 



first convert the relevant asymptotic quantities in spherical coordinates. 

-''''A is the cosmological constant of pure AdS4 with constant scalars. The curvature of all asymptotic AdS 
solutions will approach this value as r — !> oo. The reason for defining g' is because the AdS Killing spinors 
explicitly contain this constant instead of the gauge coupling constant g. 

51 px ^ p^L^ rotates under Sp{l) ~ SU (2) and can always be put in a particular direction. This however 
does not mean that existing solutions in literature are automatically written in such a way. 
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a), i.e. only = P^L^ ^ 0. The Majorana Killing spinors for AdS were derived in 
App.i 

where it was implicitly assumed that a = 2 for the gauging in the minimal case. The end 
result for the supercharge anticommutator will of course not depend on which direction 
for the moment maps is chosen, but when a = 2 the Killing spinors (the chiral ones 



can again be found using (9.4)) take the simplest form. In the explicit formulas for the 
asymptotic charges it is clear how to leave the choice for the direction a completely 
arbitrary. The basic anticommutator for asymptotically AdS solutions can be again 
derived directly using the chiral version of (E^) in (^^). The result takes the expected 
form from the 05p(2|4) superalgebra, 

{g^", g^''} = (5^^(7^^^C-1)"^Mm7v - e^^T(C-i)"^ , (9.18) 

as discussed in detail in the case of minimal gauged supergravity. Here we also require 
that the U{1) and 5*^(1 ) gauged conections i n (P.l| ) fall off fast enough as r ^ oo in order 
to precisely recover the above expression. (19.181) can be taken as a definition of asymp- 
totically AdS spacetimes. Any spacetime, whose Dirac bracket ( p!l| ) does not simplify 
to ( |9.18 ) is therefore not asymptotically AdS. In the explicit example that follows the fall 



off will already be of the correct type, but in principle one needs to always make sure 



that the spacetime in question really is asymptotically AdS in the sense of ( |9.16| ) and 



(|9.18| ). Each of the asymptotic charges Mmn arid T can be explicitly derived, but we 



will again concentrate on the mass and charge in the stationary case. 
9.3.2 Stationary solutions 

For asymptotically AdS solutions with vanishing magnetic charge limr^oo P^P^ = 0, 
the supersymmetry anticommutator is 

{g^", Q^^} = 5^^87r((M7° + g' Jy 7*^)C-^)"'' - e^^8^r(C-i)"^ , (9.19) 

with^ 



M = ^ lim j> <lY,tr{e\oe[el-^ + sin 6' e[oeie^] 



(9.20) 



^^Note that the following expression includes both the gauge coupling constant g and the asymptotic cos- 
mological constant g' . 
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and 

T = — lim / Re (T") = lim Re (L^gA - MaP^) ■ (9.21) 

The angular momenta Jij remain exactly as given in App. ^ unaffected directly by the 
scalars. The BPS bound is given by 

Af > |T| +.g'|J| . (9.22) 



Note that the scalars enter explicitly in the definition of the mass ( |9.20|) , unlike for the 
asymptotically flat solutions. 

9.3.3 Static example 

Here we will explicitly consider the static supersjrmmetric spacetimes with non-constant 
scalars constructed by Sabra in [ 110 1 ^. Unlike in the asymptotically flat case, one cannot 



easily find what the mass is just from looking at the metric. 

Briefly summarized, the solution is in gauged supergravity with constant Fl param- 
eters = and an arbitrary number of vector multiplets. The metric and symplectic 
sections are 

ds^ = e'C (1 + g\^e-^^) "^f ' 2r^ - ^-''rhml , 

^ ' (1+5^26-2/0) ^g_23) 

ImX^ = 0, 2 ImFA = i/A = + — ■ 

r 

It is immediately clear that the charge T of this configuration will be 

T = lim Re (L^q^ - Map^) = lim L^q^ = e'^^i^^^X^{(,)qA , (9.24) 

where JC{£_), X^{(,) denote the corresponding asymptotic values that will only depend 



on the gauge parameters via the second row of ( 9.23 ). Since the solutions are super- 
symmetric and static (Jij ~ 0) it follows that the mass takes the exact same value as the 
charge T. We can show this explicitly for any given solution. 

Let us for simplicity take the prepotential F — —2iy/X'^{X^)^ with electric charges 



qa^qi andFlparameters^o,^i- ThesectionsarethereforeX'' ~ '^^y ^Hg^ ^^^ = ^^V^^o-ffi 
with e-'c = -^^HQ{Hif and g' = |^5(Co(Ci)^)^/'*- The asymptotic charge T from 



( P.24| ) becomes 



23/233/4 

^^As explained in chapter y, they do not correspond to black holes but rather to naked singularities due to 
the absence of an event horizon. 
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In order to find the mass of this configuration we first need to perform a simple coor- 
dinate rescaling to make sure that the metric asymptotes to AdS in spherical coordinates 
(equivalently we could insist that e^'^ asymptotes to 1). Transforming r — > ar, t — > t/a, 
with a — limr-i-oo e^'^/^ = ^rpii^oi^i)^)^^* we achieve 

which exactly asymptotes to AdS with cosmological constant —3g'^ in spherical coordi- 
nates. The functions that further define the metric now take the form 

-no — to H , -ni — H . 

r r 

The relevant spin connection components in this case are 

sm & ' a 

Now we can use ( |9.20| ) to find the mass of this configuration: 

M = lim ^—^r^ ( -+gg'r{^oX°+^iX^) - -^/g'^r^ + \yj a?e^ + g^r'^e-^dr(re-^l'^)\ 
r^oc a \r r J 

(Co (Ci fqo . ^2l)=T (9.27) 



23/233/4 6 

as expected. This is a rather non-trivial check that ( |9.20 ) gives the correct expression for 



the AdS mass, and therefore reproduces correctly results from holographic renormaliza- 
tion [^3|-^0||. Interestingly, we note that in the process of simplifying the above formula, 
in one finds the mass to be 

i.e. picking the first subleading term of the Kahler potential after normalizing it to 
asymptote to 1. This simple formula turns out to give the mass for the static solu- 
tions both in Minkowski (c.f. (|9.12 ) and ( 9.15 )) and in AdS. We now turn to magnetic 



AdS asymptotics and show that the same formula effectively gives the mass also for 
supersymmetric solutions in mAdS. 

9.4 mAdS4 asymptotics 
9.4.1 General analysis 

Here the asymptotic conditions on the spacetime remain as in ( 9.16|) with constant scalars. 



only now the magnetic field strengths are Fg — p sin 9 under the restriction gPp^p = T 1 
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coming from Dirac quantization. As before, we have the redefinition of the cosmological 
constant to be A = —3g'^ and assume the moment map in direction to be non-zero. 

For a — 2, the Killing spinors of mAdS4 were given App. Here we can give the 
projections obeyed by the chiral Killing spinors as straightforward generalization of the 
analysis in chaper |6.3| : 



SmAdS.A = e eABl ^rnAdS ' ^mAdS.A = ±6 CTaB 7 ^mAdS ' (^■^^) 

where a is an arbitrary constant phase, and the choice of sign of the second projection 
corresponds to the choice of sign for the charge quantization condition. The functional 

dependence of the Killing spinors is only radial, g'r + 2^77 • This can be seen explicitly 

by analyzing the Killing spinor equation I?^£a = 0. Solving it also forces all asymptoti- 
cally mAdS spacetimes to satisfy P^X^ = ±1, 2ge^F\p^ = ±1 as r — > cx). 

For asymptotically mAdS solutions with non-vanishing magnetic charge, the super- 
symmetry anticommutator is just 

{Q^,Q^} ^S"8ttM , (9.30) 

with only two supercharge singlets as discussed above. The mass is given by explicitly 
plugging (|9.29 ) in ( ^.l|) for any asymptotically mAdS solution. It again turns out that 



the expression takes more convenient form if we choose an upper triangular vielbein: 



3 



(9.31) 



M = -!- lim / d^tr (g'r + -V I (2 hn (l^qA - MaP^) sin 6* eneTenc: 
+ 2g\P^L^\ elel - {ujfele\e'^ + u,^^e\e\e%) 
The BPS bound in this case is simply 

M > . (9.32) 
Note that there is a crucial difference between the AdS and the mAdS masses since the 



scalars enter differently in the expressions, e.g. in the first term on the r.h.s. of (|9.3l| ). 
We will see in the next subsection that this ultimately leads to a different notion of the 
mass in the two cases and that the standard holographic renormalization technique is 



equivalent to the mass definition ( p.20| ), but does not reproduce correctly (|9.31|) 



9.4.2 Black hole example 

Here we concentrate on the static supersymmetric black holes with magnetic charges of 
chapter The theory is again gauged supergravity with an arbitrary number of vector 



149 



multiplets and FT gaugings ^a- The magnetic charges are restricted by the equation 
g£,AP^ — 10- ^^'^ metric and scalars are given by 



f3' 



A (9.33) 



r 

= -1 , = , Fa {~2g\/3^ + ca^ + gp^) = . 

If we evaluate the mass of this solutions from ( |9.31 ) we get the supersymmetric value 
M = 0. 

To see this in some detail, let us again consider the simplest case of prepotential 
F = —2i^/X^(X'^)-^ that was also discussed carefully in chapter Isisl WehaveX" = H° = 
a° + ^,X^:^H^^a^ + ^ and 6"'= = 8y/H^{mf, with 

/3° = -^, = "' = -J-' ^=l-?(56/3^)'' (9-34) 

and magnetic charges 

We again need to rescale t and r in order to have the metric asymptote to mAdS in spher- 
ical coordinates just as above: r ^ ar,t ^ t/a,witha — lim^-i-oo e~'^/^ = ^^{Co{(,i)^V^^ 
and cosmological constant coming from g' = |t7jS'(Co(Ci)'^)^''^- The metric is then 

ds^ ^e'^(gr+^y dt' - , - '--^r'dnl , (9.36) 



2gr 



2 



and = a" + = Qfi + Evaluating (P.3l|) now gives 

= . 

(9.37) 

We are now in position to compare this result with the one obtained via the holographic 
renormalization techniques of [^Sj-^ 130|. As found in section 9 of [||], the mass of the 



^^We just choose the positive sign here without any loss of generality. 



150 



CHAPTER 9. BPS BOUNDS IN THE MATTER-COUPLED THEORY 



above black holes is non-vanishing if one uses the explicit formulas provided in [ 13C ] 
based on the procedure of holographic renormalization [^3|-^0|l . In fact these formulas 
give the same result as if ( 9.20 ) were used, i.e. the holographic renormalization proce- 
dure does not consider the case of magnetic AdS asymptotics separately. 

Remarkably, the effective formula that worked in the static cases for Minkowski and 
AdS (see ( |9.12| ) and ( 9.28 )) turns out to give the correct result once again. 



M = lim ( drC 

r^aa a 



= 



(9.38) 



Although the fundamental mass formulas ( |9.8|) , (|9.20|) and ( 9.31 ) are a priori consider- 
ably different, it turns out that the corresponding supersymmetric solutions have such 
properties that in each case the mass reduces to exactly the same simple formula. 



9.5 RiAdS4 asymptotics 

9.5.1 General analysis and static solutions 



Here yet again the asymptotic conditions on the spacetime remain as in ( |9.16|) with 
constant scalars and vanishing electromagnetic field strength. As before, we assume the 
moment map in direction to be non-zero. Analogously to the cases above, the super- 
algebra remains exactly the same as in the minimal case in the previous chapter so we 
directly focus on the definition of the asymptotic charges, which changes accordingly. 
They can be derived by realizing that the RiAdS Killing spinor, derived in appendix 
in the standard conventions adopted in this thesis, obeys 

emAds,A = e^" a^^ 4^AdS , (9-39) 

where a is an arbitrary constant phase. 

We are mostly interested in describing objects with vanishing P2 , P3 like static black 
holes and branes. The relevant asymptotic charges in this case are the mass M and the 
central charge Z. In the general case with arbitrary vector and hjrpermultiplets, they are 
defined as: 

M^llmi^j^d^trey,{2gr\P^L''\~riL,l^e^,+ul^ey^ , (9.40) 



and 



Z = lim (p r Im (p-) = lim rV Im (L^qa - Map^) , (9.41) 

■r— ^00 Jrp2 r^oo 



where T is the anti-selfdual part of the graviphoton field strength. 
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Compared to (|8.67| ), the expression for the mass with vector and hypermultiplets is 
changed only slightly in order to accommodate for the cosmological constant, which is 
now dependent on the scalar fields via the expression P^L^. 

The expression for the central charge is reminiscent of the expression for the mag- 



netic charge caused by the graviphoton field strengtlQ just as in ( 3.71 ). The magnetic 
charge, linir_>.oo Im {L^Qa — A/ap^), is forced to vanish due to supersymmetry of the 
vacuum as proven in [ ^l|l . Z is in fact the first subleading term in the expression for the 
magnetic charge due to the extra r factor and is automatically finite in the limit r ^ oo. 



For constant scalars, ( fj.4l| ) clearly reduces to ( ^.71 ) and the central charge vanishes. For 



non-constant scalar profiles, however, it is now possible to generate a non-zero Z, which 
turns out to be crucial for generating massive BPS black brane with an event horizon of 



chapter |6.4. 



The BPS bound for static asymptotically RiAdS solutions when a central charge is 
allowed is therefore 

M>\Z\, (9.42) 

as already predicted. In case when both M and Z vanish we recover a 1/2 BPS solution 
like the ones in the previous section, while in case AI = \Z\ 7^ we have a 1/4 BPS 
excitation. All other cases result in non-supersymmetric excitations over RiAdS. 



9.5.2 Black brane example 

As already explained in chapter |6.4| , one can find a class of 1 /4 BPS solutions, given by 



ds^ = e'^ ( gr + — ) dt' - — - e-'^r^dcr' 



8^ 

ReX^ = iJ^ = + Rei^A = 

r 



,A 1 <:- oA _ n r / o„2„oA , „„A , „ A 



(9.43) 



under the restriction ^aP"^ — 0, with the toroidal area element given by (|674| ). These 



solutions satisfy the BPS bound M = \Z\, where both asymptotic charges are non- 
vanishing. Thus, unlike their spherical analogs, the magnetic black branes have a non- 
vanishing mass. 



^^QAtP^ are the electric and magnetic charge densities of the vector field strengths appearing in the la- 
grangian. 
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To see this in some detail, consider the simple case of a prepotential F — ~2i^J X'^{X^Y . 
; have X° = H° = + ^,X^ = ^ + and e-'^ = 8y/H"{mf, with 

= "° = -ir' "' = -4F' ^ = -f(5Ci/3Y, (9.44) 



and magnetic charges 



= ,9.45) 



Note that this solution is in almost complete analogy to the one discussed above in the 
spherical case. It has a double horizon at rh — '^^iP^' which shields the singularity 
for any positive value of the arbitrary parameter Just as in the spherical example, 
we have to rescale the radial coordinate r with a ~ limr_j.oo e~'^/^ in order to have the 
proper asymptotics. Evaluating (|9.40t) and ( 9.41 ) eventually leads to: 



M/V ^ lim (gr - e'^/' ( gr + dr{re-'^/')) = ^giiiP' f , (9.46) 

r^oo \ \ zgr J J 9 



Z/V = lim re'C/^/|i(pOi/i + Sp^H^) = ^-^g{^iP'f . (9.47) 

This proves that the mass is equal to the central charge. The solution is a 1/4 BPS 
toroidal black hole in RiAdS for any finite value of V and black brane in AdS as V — > oo. 
Note that, unlike the spherically symmetric examples, the mass of the BPS black branes 
is not given by ( |9.38 ). 



From the form of the superalgebra it is clear that one should in principle be able to 
add arbitrary electric charges to these solutions and still keep them supersymmetric. 
To our best knowledge, such solutions have not been yet constructed (see however 



[131, 132] for supersymmetric and extremal electric black branes that do not strictly 



asymptote to AdS). 



9.6 Final remarks 



To summarize, the main results of this chapter are the general mass formulas ( |9.8[ ), 
(^.2C|) , ( |9.3l| ), and ( |9.40|) for asymptotically flat, AdS, mAdS, and RiAdS spacetimes, re- 
spectively. We confirmed the well-known result [ 129 1 for the central charge in Minkowski, 
showing that the hypermultiplets do not alter it. We also showed that supergravity 
does make a clear distinction between masses in AdS and mAdS. Our analysis in AdS 
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generalizes some previous works that did not allow for non-trivial scalars, e.g. [ [133I1 . 
The results for asymptotically AdS solutions are in fact equivalent to performing the 
procedure of holographic renormalization [^3|-^ot [l30|| , i.e. (|9.20 ) can be directly used 



in AdS/CFT applications. In the asymptotically mAdS case, to our best understanding. 



( |9.31[ ) is the correct mass formula that needs to be used. It would be interesting to un- 
derstand in detail the apparent discrepancy between our approach and the derivations 
of [ [l30fl . Physically, the mass formula in mAdS might seem a bit counter-intuitive as it 
allows for black hole solutions with vanishing mass. However, from the point of view 
of the superalgebra this is the only possibility for BPS objects in mAdS. Therefore M = 
should not come as a surprise for the static magnetic black holes. 

It is important to observe that the scalar profiles as functions of the radial coordinate 



enter explicitly in the mass formulas and Thus, the AdS and mAdS masses 



not only depend on the asymptotic values of the scalars, but also on how the scalars 
approach these values. This feature provides a new point of view towards the attractor 
mechanism in AdS/ mAdS. It shows that scalars are much more restricted to behave in 
a particular way in comparison with the Minkowski case. Nevertheless, for the spheri- 
cally symmetric supersymmetric solutions it turned out that the mass can be described 
by the same formula in all three asymptotic vacua, 

M = lim ( dre-'^/^) , (9.48) 

r— >-oo a 

where a = lim,.^oo e^'^^^ is usually chosen to be 1. This essentially means that the 
mass is the first subleading term of the Kahler potential expansion, no matter what the 
details of the solution and its asymptotics are. It is interesting to understand the physical 
reasons behind this. 



Chapter 10 



Black hole superalgebras 



10.1 Introduction 

In this chapter we are going to discuss a simple application of the analysis of superal- 
gebras, which results in a no-go theorem for static supersymmetric black holes in AdS4 
in theories without hypermultiplets. The theorem is based purely on superalgebras and 
holds very generally for D = 4 N = 2 supergravity, including possible higher derivative 
theories. In the case of hypermultiplet gaugings, we give (very constraining) conditions 
on the gauging that must be met in order for a genuine BPS black hole in AdS4 to 
exist. Additionally, we prove that the attractors for BPS black holes in Minkowski and 
mAdS are imique. There are no possibilities for near-horizon geometries, other than 
the ones already known from chapters || and ^. We also briefly comment on Hd black 
hole superalgebras as these turn out to be very closely related to their four-dimensional 
analogs and the main conclusions about non-rotating BPS black holes and rings in AdSa 
are the same. 

The proof is based on a simple observation: a supersymmetric black hole interpo- 
lates between two different supersymmetric vacua. One is the asymptotic spacetime 
which is typically at an infinite distance away from the black hole itself, while the other 
is the near-horizon geometry right outside the black hole horizon. These two vacua 
are solutions of the equations of motions by themselves (in the static case) and need to 
necessarily preserve some supersymmetry if the full solution is to be supersymmetric. 
The full black hole solution thus approaches these two vacua in the corresponding limits 
(usually in spherical coordinates r — > cx) corresponds to the vacuum at infinity, e.g. 
Minkowski or AdS, and r r horizon to the near-horizon geometry, e.g. AdS2xS'^). 
This leads to a very simple mathematical relation between the superalgebras of the 
asymptotic spaces - if the superalgebra of the vacuum at infinity is denoted by Aoo and 
the near horizon superalgebra as Ahor, then the full black hole symmetry algebra Abh 
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is a sub(super)algebra of both asymptotic superalgbras, Abh Q Aoo and Abh Q Ahor- 
Since we want the full solution to preserve some supersymmetry, Abh must include 
some fermionic charges. This discussion can be repeated in a similar manner for all 
solutions in supergravity that interpolate between two distinct BPS vacua, e.g. different 
kinds of black objects and M/D-branes (see [ 134 , 135]). Inverting the argument, it is 
clear that if two different superalgebras do not have a common subsuperalgebra, there 
can never be a supersymmetric solution that interpolates between the two correspond- 
ing vacua. 

We use this observation in the context of gauged D = A N = 2 supergravity to 
show that there is no static near-horizon geometry (with spherical symmetry) that can 
match to the AdS superalgebra in absence of hypermultiplets, preserving a number 
of supercharges. There are two major steps in this proof that have already been ac- 
complished in previous literature. The authors of [po|] proved that in four dimensional 
supergravities the only allowed near horizon geometry for spherically symmetric static 
black holes in Minkowski or AdS is the product spacetune AdS2 x S-^. This result holds in 
full generality, including possible higher derivative terms. The other important step was 
achieved in [|5C|], where all possible supersymmetric AdS2xS^ solutions were analyzed 
in the context of general gauged D = A N — 2 supergravities with possible vector, 
hyper-, and tensor multiplets. It was shown that only two different classes exist, the 
fully BPS Bertotti-Robinson spacetime, and a half BPS solution where the radii of the 
AdS2 and S^ are different. These two solutions define their own distinct superalgebras. 
The important point is that, even though particular details of the solution might change 
depending on the theory, superalgebras remain the same in supergravity, i.e. no matter 
how many additional higher derivative corrections we consider they cannot influence 
the abstract superalgebra charges and structure constants. This ensures that there exist 
only two versions of Ahor which one can choose from in order to find a supersymmetric 
black hole with Minkowski or AdS asymptotics in four dimensions. 

Our remaining job is therefore clear. We first need to consider carefully the two 
near horizon superalgebras, Ahor, which is done in section 10.2 . Then we list the pos- 
sible asymptotic vacua at infinity, Minkowski, AdS4, and magnetic AdS4, and their 
corresponding superalgebras in section 10.3 . In section 10.4 we analyze the possible 
black hole subalgebras, showing how the two near-horizon geometries match to the 
Minkowski and mAdS superalgebras. We then show that the AdS4 superalgebra has 
no common (spherically symmetric) subsuperalgebra with the half-BPS near-horizon 
solution, while explicitly constructing the common 5'?7(1|2) algebra inside the AdS4 
and the Bertotti-Robinson superalgebras. We remind the reader of the conditions for 
existence of these two different vacua in the same theory, thus completing the proof that 
static supersymmetric solutions in AdS can never develop an event horizon and form 
black holes in the absence of hypermultiplets. 
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Note that we discuss only static spherically symmetric solutions. Thus all consid- 
ered near-horizon and asymptotic geometries possess time translation and 3d rotation 
symmetries. Every superalgebra in consideration therefore includes the bosonic charges 
M and Jij,i,j ~ 1,2,3, obeying the commutation relations 

[M, Jij] = , [Jij, Jkl] = -SikJji - SjiJtk + SiiJjk + SjkJii ■ (10.1) 

We require these generators and commutation relations, corresponding to the group 
M X S0{3) (or U{1) x 50(3) when time is compact as in AdS), to be present also in 
the black hole superalgebra, Abh- We are therefore looking for a common subalgebra, 
Ahor i2 Abh C Aao, such that M x 5*0(3) c Abh and Abh includes at least one 
fermionic symmetry. 



In the end of this chapter, section |10.5| includes a short review of the known results 
about BPS black objects in 5c? supergravity and we show that the existence of non- 
rotating solutions in AdSs is again related to the realization of some very particular 
hypermultiplet gaugings. 



10.2 Near-horizon superalgebras 

In this section we consider more carefully the two available choices for supersymmetric 
near-horizon geometries. One is the fully BPS, i.e. 8 conserved supercharges, Bertotti- 
Robinson solution, while the other one is a 1 /2 BPS solution which we choose to call 
magnetic AdS2xS^. The spacetime in both cases is a direct product of AdS2 and S'^, but 
their corresponding superalgebras Ahor are very distinct. 



10.2.1 Bertotti-Robinson superalgebra 

The superalgebra of the fully BPS AdS2xS^, SU{1, 1|2), was analyzed in detail in, e.g. 
[p5|, |136 |. Since this is the near-horizon geometry of static asymptotically flat black holes 
(c.f. [|73]), the superalgebra is very well known. We therefore do not go into much 
depth here, just mentioning that the bosonic symmetry group is 50(1, 2) x 50(3) which 
includes as a subgroup U{1) x 50(3). There are eight supercharges that are organized 
into two spinors Qa,A = 1,2. The relevant commutation relations for our purposes 
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here are0: 





z 




[Qai J13] 




















= (Jl2 1°' + Jl3 l''U 











(10.2) 



AB 
AB 



The charges X and Y that appear in the supercharge anticommutator come from the 
50(1, 2) symmetry of AdS2. They are always broken in the full black hole solution. But 
the superalgebra (anti-)commutators can only produce symmetries on the right hand 
side. This means that the black hole superalgebra has to necessarily include only those 
supercharges whose anticommutator does not produce the broken symmetries X and 



Y . We will see explicitly how this happens in section 10.4 



10.2.2 Magnetic AAS2 x 



The magnetic AdS2xS^, analyzed carefully in [50 1, is the near-horizo n ge ometry of the 
static magnetic black holes in AdS4 that were described in chapter 63. These black 
holes do not asymptote to the usual fully supersymmetric AdS4 solution, but rather to 
magnetic AdS - a topologically distinct vacuum preserving two of the original eight su- 
percharges and distinguished by its non-vanishing magnetic charges (in the electrically 
gauged theory). This is the reason why we also choose to use the terminology magnetic 
AdS2xS'^. Unlike its fully supersymmetric analog, the superalgebra of the magnetic 
AdS2 X is not generally known. It can be straightforwardly derived via the procedure 
of chapter (knowing that half of the Killing spinors components are projected out by 
the matrix (1 + 7^^)) and the use of super-Jacobi identities, but it will not be needed for 
our purposes here. It is enough to note the observation in [ |50| ] that the Killing spinors do 
not transform under rotations, i.e. the supercharges flip spin and become 5*0(3) scalars. 
It is easiest to denote the four scalar supercharges by , I — 1,2, 3, 4. The important 
commutator for us here is 

[g^j,;,] = o. (10.3) 

^^Note that we keep the gamma matrix conventions of appendix ^ In particular, all gamma matrices are 
imaginary, and the charge conjugation matrix is C = 47''. 
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Note that this makes the superalgebras of the Bertotti-Robinson and the magnetic AdS2 x 
very different. From ( 10. j ) we can see that spatial rotations do not leave any invariant 
spinor components, while ( 10.3 ) shows the opposite behavior. 



10.3 Asymptotic superalgebras 

Here we concentrate on the asymptotic superalgebras, ^oo- We analyze the three BPS 
asymptotic vacua that are subject to the theorem of [^ojl , i.e. we know that in these space- 
times all static black holes with spherical symmetry become AdS2 x near the horizon. 
These are the fully supersymmetric Minkowski and AdS4 solutions from chapter ^ and 
the quarter-BPS magnetic AdS4, analyzed in appendix ^ 



10.3.1 Poincare superalgebra 

The best known example of a superalgebra is of course the Poincare superalgebra. In 
D — 4 N = 2, it consists of eight fermionic charges packed in two spinors Q^, A = 1,2 
and ten bosonic symmetries from the Poincare group in four dimensions - one time 
translation Pq, space translations Pi, spatial rotations Jij, and boosts Ki{i ^ 1,2, 3). The 
important relations of the superalgebra for us are: 

(10.4) 

where Z is the complex central charge that accommodates for electric and magnetic 
charges in asymptotically flat solutions. 



10.3.2 AdS4 superalgebra 

A full account of the AdS4 superalgebra, OSp(2\4), was already presented in chapter 
H Here we just selectively repeat some of the facts needed for the purposes of the 
present chapter. The spacetime symmetries of AdS4 have their exact counterparts in the 
Poincare group, although translations no longer commute with each other. Unlike in the 
Poincare case however, 05*15(214) does not allow for central charges. The gauge group 
generator, T, corresponds to the R-symmetry group and thus rotates the supercharges 
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between each other. The relevant parts of the superalgebra here are: 



10.3.3 mAdS4 superalgebra 

The superalgebra of magnetic AdS4 was also derived in chapter |[ It is very simple due 
to the fact that it consists of only two supercharges, time translations, rotations, and the 
gauge group generator T. The supercharges in this case are 5*0(3) scalars, which we 
denote by , I = 1,2. The important commutators are 

[g^j.,] = [Q^i/] = o, 

7 7 7 7 (1U.6) 

{Q',Q''} = Md'-' . 



10.4 Black hole superalgebras and a no-go theorem 

We finally turn into analysis of the superalgebras Abh, belonging to the full black 
hole solutions. We give the superalgebras of the known supersymmetric black holes 



in Minkowski (c.f. chapter g) and magnetic AdS (c.f. chapter 63). We then search for 
possible black hole superalgebras in AdS, proving a no-go theorem and showing how it 
can be potentially circumvented. 

10.4.1 Asymptotically flat black holes 
Bertotti-Robinson horizon 

The most general static supersymmetric black holes in ungauged supergravity are half- 
BPS and interpolate between the maximally supersymmetric Bertotti-Robinson solution 
near the horizon and Minkowski at infinity. The superalgebra of these black holes can 



be found by projecting out half of the supersymmetries in (|10.2| ) and ( |10.4| ). At the hori- 
zon, it turns out the remaining supercharges obey Q„ = \(5a^5^^ — {ij^)a^€^^)Q^ . 
Asymptotically, the four relevant supercharges from the black hole point of view are 



givenbyQ^ = ^iSjS'^^-aii-f'^)Je^^-bii-/^^^)Je^'^)Q^,wherea 



^(RcZ)2 + (ImZ)2 
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and b 



ImZ 



^(RoZ)2 + (ImZ)2 



The black hole superalgebra is therefore 



[QtM]=o 
1 

2 



(10.7) 



where orJy four of the spinor components are linearly independent. The time 
translations generator of the black hole superalgebra, M , has a different meaning when 
embedded in the two bigger superalgebras. Near the horizon, M = Pq — Y from 
(|10.2| ), while asymptotically M = - ^(RcZ)2 + {hnZf from ( |l0.4|) . The rotation 
generators J,:j remain exactly the same in (|a|), ( |ia2| ), and diol ), while the remamme 
bosonic generators, X in the Bertotti-Robinson superalgebra and Pi.Ki'vn the Poincare 
superalgebra, are broken^ The black hole superalgebra can be rewritten in a more 
suggestive and clear form if we write the remaining four supercharges in two complex 
parameters, and Cf' . The superalgebra then takes the form 



ABn,B 



(10.8) 



We will soon discover that the SU(\, 1|2) superalgebra in fact admits another subalgebra 
that consists of the exact same fermionic and bosonic charges with different structure 
constants. 

These facts are all well-imderstood and expected for the case of ungauged BPS black 
holes, yet they provide a clear and straightforward realization of the general idea in 
section [10. ij This is an example where Ahor 3 Abh C Aoo, i-e. the superalgebra of 
the full black hole solutions is smaller than the corresponding superalgebras of the two 
limiting spacetimes between which it interpolates. This need not be necessarily the case 
as we discuss next. 



Magnetic AdS2 x horizon 



One can show that Minkowski and magnetic AdS2 x do not share a common subal- 
gebra that includes rotations and supercharges. The rigorous proof follows the same 



'''Of course one needs to make sure that the remaining commutation relations close under the super-Jacobi 
identities when breaking a given hnsn nir or fermionic symmetry. In other words, not every way of projecting 



out some symmetries from ( 10.2 ) and ( 10.4 1 leads to a consistent (sub)superalgebra. This is however the case 
at hand, due to the fact that Y commutes with the rotations and the remaining supercharges in the Bertotti- 
Robinson superalgebra and Z is a central charge in the Poincare superalgebra. 



162 



CHAPTER 10. BLACK HOLE SUPERALGEBRAS 



considerations as will be presented in detail for the case of 0Sp{2\A) superalgebra. If 
one considers all possibl e pro jections and combinations of supercharges that exist in the 
Poincare superalgebra, ( 10.7 ) is the only consistent subalgebra that follows the require- 
ments of 5*0(3) symmetry and broken spatial translations and boost charges. It is clear 
that the supercharges in this case are not rotationally invariant and therefore magnetic 
AdS2 X cannot be a near-horizon geometry for any asymptotically flat BPS solution. 



10.4.2 Magnetic AdS black holes 

Magnetic AdS2 x horizon 

The static BPS black holes in magnetic AdS, constructed originally in [|2ll ], are an ex- 
ample of supersymmetric solutions that interpolate between magnetic AdS2 x S^ near 
the horizon and mAdS4 at infinity, as shown in [^. The black holes are quarter-BPS 
and their corresponding Killing spinors in fact obey the same projections as the ones 
of pure mAdS4. This means that the black hole superalgebra is exactly the same as its 
asymptotic superalgebra, Abh = Aoo- On the other hand, there is still a supersymmetry 
enhancement near the horizon, where the solution pres erves four instead of only two 



supercharges. The projection that relates ( 10.3 ) to ( 10.6 ) corresponds to (1 + 17^) if we 



would have kept the spinor indices. Observe that the supercharges are scalars under 
rotations everjrwhere in spacetime, something that seems to distinguish magnetic solu- 
tions in gauged D — 4 N — 2 supergravity. We thus find that Ahor ^ Abh — Aoo with 



no need to repeat again the black hole superalgebra, (10.6) 



Bertotti-Robinson horizon 

Magnetic AdS does not share a common superalgebra with the Bertotti-Robinson so- 
lution. This can be most easily seen when considering the possible subalgebras of 
SU{1, 1|2) that have a bosonic gr oup U{1) x SO{3). It turns out there are two such 
superalgebras (one was given in ( |lO./1 ) and the other will be discussed in the coming 
subsection), but neither of them has rotationally invariant supercharges. Therefore, 
supersymmetric black holes in mAdS can never have a Bertotti-Robinson horizon. 



10.4.3 Black holes in AdS4? 



Now we want to show that ( |10.5[ ) has no common subalgebra with ( |10.3| ) under the 
requirement that the common subalgebra must include some fermionic charges, as well 
as time translations and rotations. It is clear that 05*^(214) is a priori different from 
SU{1, 1|2) and the magnetic AdS2xS^ superalgebra, thus the only way of finding com- 
mon subalgebras is to project away at least some of the supercharges. The AdS4 superal- 
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gebra is written with two four-component spinors, Q„ . Out of this eight supercharges, 
one can choose an arbitrary linear combination to be preserved. The remaining super- 
charges in any case will obey 

Qt = P^'^JQ;^ , F^^.^P^^/ = P^^J . (10.9) 

The projection operator P^^ consists generally of combinations of the basis 2x2 
matrices 5^^ , crf^, iu^'^ = e^^ , and the 4x4 spinor space matrices spanned by 
1,7'^,7',7'^ = i7°7^7^7'^,7°*,7*^, 7°^,7'^. However, the requirements that P^^ is a 
projection operator and that we only consider rotation invariant subalgebras limits sub- 
stantially the allowed choices for projection. An additional requirement for a potential 
black hole superalgebra in this case is that no space translations or boost charges are 



allowed, since these are certainly not present in the near-horizon superalgebras ( [10.2|) 



and ( 10.3 ). These have to be then taken out of the AdS superalgebra, and the choice of 
projection has to guarantee that the remaining supercharges do not produce Pi and Ki 
in the new supercharge anticommutator. 

More technically speaking, the requirement of rotation invariant superalgebra means 
that the projection operator must include 7^,7^, and 7"^ in a symmetric way, as otherwise 
some of the angular momentum generators will be broken. A simple example is if one 
chooses a projection of the type (1 + 7^^), which results in a closed subalgebra only if 
Ji3 and J23 are absent. This means that the projection may only include combinations 
of matrices 7°, 7^, 7°^, (7^ +7^+7^), (7"^'^ +7^^ -1-7^'^). However, matrices (7^+7^+7"^) 
and 7*^^ will not be able to project out the charges Ki in the supercharge anticommutator 
since they do not anticommute with 7*. On the other hand, 7^ and (7^^ + 7^-^ + 7^'^) do 
not anticommute with 7°* and will not project the translations Pi out of the supercharge 
anticommutator. We are therefore left only with 7° as a potential candidate for a pro- 
jection that leads to a consistent rotationally invariant superalgebra with broken spatial 
translations and boosts. Thus we are left with four supercharges that obey the relation 



Q'^ = 1(5^^^-45 _ ^^^o-)^;3gAs-jQB resulting superalgebra commutators are 

^(7.,)/Q^ [QtM] = \ 

1B1 _ , ,r r cAB , 7 /-/in 



where M = Pq-T from (|a|) and the P, and K, are indeed broken. This is the S'U'(1|2) 



superalgebra of the electric Reissner-Nordstrom-AdS (RN-AdS) solutions, described in 
[|l02|] . These solutions, and their generalizations for arbitrary couplings with vector 
multiplets, [|ll0|l , are static supersymmetric asymptotically AdS4 solutions that repre- 
sent nakedly singular spacetimes. This can be now more easily understood from the 
superalgebra point of view from the following argument. 
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Clearly, the SU (1 12) superalgebra relations above do not correspond to a subalgebra 



of the magnetic near-horizon geometry ( |10.3| ). More impor tantly, no additional rota 



tionally symmetric projections of the supercharges in ( 10.10| ) can ever make the super- 
charges singlets under the angular momentum generators. Therefore, there does not 
exist a common rotationally invariant subsuperalgebra of OSp{2\4) and the magnetic 
AdS^ X superalgebras. This could also be expected from the fact that AdS4 and mag- 
netic AdS^ X are topologically distinct for their magnetic charge. Interestingly, a com- 
mon subalgebra of the AdS4 and the Robonson-Bertotti superalgebras does exist, since 



S';7(l, 1|2) D SU{1\2) C 05*^(214). This can be seen by considering (|10.2| ) and imposing 
the breaking of the X, Y symmetries, together with the projection = ^ ((5q^ — (7°^)a'')<9^ 
for the supercharges. This again leads to the SU{1\2) superalgebra, although written in 
a different basis for the fermionic supercharges and angular momentum parameters. 
This is therefore the superalgebra that static BPS black holes in AdS4 must obey. The 
most intuitive form of the superalgebra is written with two complex supercharges, 
and Q^, similarly to the case of flat black holes: 



7 1 „ABr,B (10.11) 



Now that we have established a possibility for a black hole in AdS4 with a fully BPS 
near-horizon geometry, we need to remind ourselves the algebraic conditions for exis- 
tence of the two fully BPS asymptotic vacua (AdS4 and AdS'^xS^). From chapter^ we 
know that the AdS^ x S^ solutions require 



k\L'^ = , klL'^ = , Pa = . (10.12) 



while the AdS4 vacuum is realized when 

^ ' ^ ' 10.13 

P^/A ^ , e^y^pyp- = . 

We therefore need to have a theory where both of these vacua are allowed, i.e. where 
= and 7^ can be realized in field space. Clearly, this cannot happen in a theory 
where the moment maps are constant. This is however conceivable for theories with 
hypermultiplets (although we are not aware of explicit examples), where the moment 
maps may vary in different points of spacetime via their dependence on the hjrpers. 
This concludes our proof that static supersymmetric black holes in AdS4 cannot exist 



in theories without hypermultiplets, confirmed by the explicit solutions of ||102[| and 
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LlOtl - It remains to be seen whether expHcit constructions of black holes with SU{1\2) 
superalgebra in theories with gauged hypermultiplets can be found. 

10.5 A glance at black objects in 5(i 

Although slightly more complicated, the story of supersymmetric objects with event 
horizon in five-dimensional supergravity is not dissimilar. Due to the extra spatial 
dimension, in 5d event horizons can have both spherical (S"^) topology (black holes) and 
ring-shaped (S^xS^) topology (black rings). The previous discussion in this chapter 
about static BPS black holes in Ad has a natural extension to "non-rotating" black holes 
and rings in 5d. A common term in 5d literature, non-rotating refers to solutions whose 
rotation vanishes at the event horizon. The near-horizon geometry is therefore again 
static and described by a product spacetime with AdS and spherical factors. For a 
good overview of the main results in this field one can read the introductory chapters 
of standard references, e.g. [|l3^ - |l4l . 



In the asymptotically flat case, the non-rotating BPS black holes are given by the su- 
persymmetric limit of the BMPV solutions [143| with near-horizon geometry AdS2xSgq 



(here S^^ is a squashed sphere for the generic cases with non-vanishing angular mo- 
mentum, becoming the maximally symmetric sphere in the static case). On the other 



hand, the BPS black rings [|144|] in Minkowski have a near-horizon geometry AdSaxS". 
Similarly to the static solutions in AdS4, at present there are no known non-rotating BPS 
black objects (i.e. solutions with event horizon) in AdS5. 



Unlike in 4d, the classification of near-horizon geometries in 5d (see e.g. [|142|] ) is a 
much more involved and still ongoing research direction, so one cannot use the same 
arguments as above to formulate a no-go theorem for AdS solutions. However, we can 
again show that the flat near-horizon superalgebras can fit to the asymptotical superal- 
gebra of AdS5, SU{2, 2|1) in 5(i iV = 1 gauged supergravitj 



The flat near-horizon superalgebras were carefully considered in [ [139[ ], where 4, 5, 
and 6-dimensional near-horizon geometries were connected to each other in a very 
suggestive manneiQ The relevant superalgebras turn out to be the following (table 
1 of [HI]). The static AdS2xS3 exhibits SU{1, 1|2) x SU{2) where one of the rotation 
groups (5*0(4) = SU(2) x SU{2)) is entagled with the supercharges and the other 
one is not. The rotating BMPV solution still preserves SU{2) x U{1) on the squashed 



^*In 5 dimensions, = 1 supergravity has a total of 8 supercharges and is the theory most closely related 
to 4d A'' = 2. This is however not of special importance for us here, since it is trivial to extend the discussion 
to theories with more supersymmetry without changing the fi nal o utcome. The AdSs superalgebra in general 



Af -extended 5d supergravity theories is SU (2, 2\N) (see, e.g. |14J ]). 

^'This also implies that similar consideration will hold even in dd. We will however not pursue this subject 
further in this thesis. 
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sphere, which arrange themselves to preserve the same number of supercharges in the 
superalgebra SU (1,1|2) x U{1). The AdSaxS^ of the black ring curiously gives rise to 
SU{1, 1|2) X SL{2, R), where the extra bosonic symmetries SL{2, R) that decouple from 
the supercharges this time arise from the AdSa symmetry group. 

Now it becomes clear that our discussion in section 10.2 of the group SU{1, 1|2) 
becomes equally relevant in 5d, where all of the possible near-horizon geometries share 
the same fermionic symmetry, together with some extra bosonic symmetries that are 
equally simple to understand and handle. It is also easy to see that the spherically sym- 
metric wayof breaking the AdSs symmetry SU{2, 2|1) leads to the group SU{l\2)xSU{2) 
(see e.g. [ |137|| for more details), which can obviously be broken further to S'J7(l|2)x 
U{1). From our previous discussion in 4d it is also clear that SU{l\2)xSU{2) and/or 
SU{l\2)xU{l) are subalgebras of the three different near-horizon superalgebras. There- 
fore we conclude that on the level of superalgebras it is allowed to have BPS black holes 
and rings and AdSs with flat horizons. One again needs to make sure that these vacua 
exist within the same theory, which once more leads to the requirement of some specific 
hypermultiplet gaugings in _D = 5 = 1 supergravity. To our best knowledge, such 
examples are not excluded from existence, but also not explicitly known at this moment. 



Chapter 11 



Discussion and Outlook 



11.1 Lessons 

What are the lessons to be learned and the conclusions to be drawn from the case-study 
of 4-dimensional N — 2 supergravity? I will try to answer this broad question in the 
context of each separate direction in theoretical physics as outlined in chapter ^ 

General Relativity 

From the point of view of GR, D = 4 N = 2 supergravity is a particular supersymmetric 
way of coupling matter to gravity However, supergravity does have to tell something 
about general GR solutions that are not necessarily supersymmetric. We saw that the 
concept of BPS bounds, which in the case of = 1 is equivalent with the Witten-Nester 
energy, provides a stability criterion for very large classes of solutions. This ensures that 
vacua such as Minkowski and AdS are stable and cannot decay into negative mass states 
such as (nakedly singular) Schwarzschild spacetimes. Our analysis in = 2 enriches 
this to include Einstein-Maxwell theories with or without cosmological constant. This is 
clearly related with the cosmological censorship conjecture. In fact, for static solutions 
in Minkowski, we see that the BPS bound projects all nakedly singular solutions. This is 
however no longer the case with rotations in Minkowski and with asymptotically AdS 
spacetimes, where a well-defined version of the cosmological censorship is still missing. 
Often, for AdS and other interesting nontrivial solutions in GR, physical intuition can be 
misleading and one needs to use all available mathematical tools to gain further insight. 
In this respect, 1 think that the study of classical solutions in supergravity can provide 
new ideas and better understanding of the vacuum structure in General Relativity. 
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Quantum gravity 

We already connected the study of superalgebras and BPS bounds to the classical theory 
of gravity. However, superalgebras are even more interesting for their implications 
about the quantum aspects of gravity. Due to supersymmetry, superalgebras do not 
renormalize after considering quantum corrections. Thus, although explicitly derived 
from a particular classical solution, the abstract (super)symmetry algebras remain the 
same even if the original solution is deformed substantially in the quantum theory. This 
has been used to provide the microscopic description of entropy for the BPS black holes 
in chapter |[ The same principle should allow us to describe the black holes in chapter 
|6| on a quantum level (see more ideas in this direction in the following section). As 
seen in chapter |l^ we are able to prove that certain classical solutions in AdS can never 
develop an event horizon even in the full quantum regime. This means that they remain 
fundamental objects (pure states with zero entropy) in the theory of quantum gravity, 
whatever it is. Such examples already show that one does not necessarily need to have 
the knowledge of a complete quantum theory in order to understand the nature of 
quantum gravity. In this sense, much remains to be learnt from classical (BPS) solutions 
of supergravity. 



String theory 

Although we did not directly touch the topic of string theory in this work, we provided 



some string motivated examples, e.g. in sections |3.4| , [5.3. Ij |6.3.6| . We saw that de Sitter 
space is not a supersymmetric background and therefore it does not enjoy any nice 
stability properties from BPS bounds. This is in a sense bad news for string theory 
and supergravity as candidates to describe the real world around us, but more research 
effort is needed before making any conclusive statements. On the other hand, string 
theory does improve some of the supergravity implications in this thesis. We saw that 
any effective D = i N = 2 supergravity action coming from string theory includes at 
least one hypermultiplet. This is enough to (potentially) evade the no-go theorem for 
black holes in AdS of chapter 0. This may be an indication that string theory selects 
the more physically relevant supergravities, since we expect the real world black holes 
to have non-zero entropy. 



AdS/CFT correspondence 

For the applications of the AdS / CFT correspondence, this work is providing some new 
gravitational backgrounds that might have interesting field theory duals. Although the 
usual version of AdS/CFT would only apply to the asymptotically AdS4 solutions of 
previous chapters, it is not hard to imagine that magnetic AdS has its own distinct dual 
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theory, waiting to be discovered (see the next section for more expHcit ideas in this 
direction). Additionally, our explicit method for finding conserved charges in AdS from 
chapters 0, § can be used for explicit AdS/ CFT calculations instead of the procedure 
of holographic renormalization for quantities at the AdS boimdary. It would also be 
interesting to find BPS black holes in AdS with nontrivial scalar profiles (e.g. the ones 
suggested in chapter |l^), since those are relevant for the understanding of supercon- 
ductors and quantum phase transitions in condensed matter physics. 

Supersymmetry and supergravity 

In the broad area of supersymmetry and supergravity, this work of course mainly con- 
centrates on a particular version of supergravity and its BPS vacuum structure. How- 
ever, the methods used in our analysis can be easily applied in all other types of super- 
gravity theories. In particular, the reasoning in chapters ^ § can be used to classify BPS 
solutions in general, while some of the techniques in chapters ^ §have their analogs in 
searching for higher dimensional black holes in different supergravities. Furthermore, 
the method of chapter |^ and the main idea of chapter |o[ are immediately relevant 
for every other theory with supersymmetry. As we will see in the next section, the 
study of superalgebras can be particularly insightful when applied to 11-dimensional 
supergravity. This unique highest dimensional theory is in a way the meeting point 
of supergravity and string/ M- theory. The complete understanding of its classical solu- 
tions, which can be facilitated in many ways by the contents of this thesis, might have a 
profound physical meaning. 

11.2 Future directions 

There is a host of open questions left for future exploration: some old ones that were 
partially understood in the various chapters of this work, and some new ones this thesis 
has uncovered. The following is just a small list of topics of interest for me and some 
ideas on how to approach them. 

Classification of (BPS) black hole solutions with arbitrary gaugings 

The classification of black holes is one of the main motifs in this thesis. Still, many things 
about black holes remain unexplored and presently a full understanding of solutions 
does not seem a realistic goal. On the other hand, the proper classification of BPS 
black objects seems well under way. With the technical results in chapters ^ || and 
the superalgebra perspective of chapters ^ ^ we made a reasonable progress towards 
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the understanding of static BPS black holes. We can briefly summarize a few important 
advances: 

• BPS black holes in Minkowski 

In the static case we proved our expectations from chapter ^ that the attractor 
mechanism and general form of the solutions in ungauged supergravity remain 
unchanged in the gauged theories. This is due to the fact that the near-horizon 
geometry of the Bertotti-Robinson spacetime is the only one allowed for static 
asymptotically flat BPS black holes. We further saw that one cannot find rotating 
black holes in Minkowski, since the BPS requirement M = \Z\ leads to naked 
singularities whenever J 7^ 0. 

• Spherical BPS black holes in AdS 

We proved that no static black holes can exist in absence of hypermultiplets. Fur- 
thermore, in case of an appropriate hjrpermultiplet gauging, we predicted the 
existence of a black hole with a fully BPS near-horizon geometry, resulting in the 
same attractor mechanism as for asymptotically flat black holes. 

• Spherical BPS black holes in mAdS 

We explicitly constructed a general class of static solutions in mAdS in chapter § 
and showed that they have a vanishing mass and a half -BPS magnetic AdS2 x S^ 
near-horizon geometry. We proved that no rotating BPS solutions can exist, since 
the BPS boimd restricts M to vanish and the angular momentum is proportional 
to the mass, J = aAl = 0. 

• Toroidal black holes/black brane in RiAdS 

We presented a general class of solutions in RiAdS and showed that they obey the 
BPS criterion, AI = \Z\. We further showed that no BPS solutions can exist if the 
graviphoton carries a magnetic charge. 

• Higher genus black holes in magnetic hyperbolic AdS 

In this case the BPS solutions share the properties of their spherical analogs. We 
thus showed that supersymmetric higher genus black holes always carry a non- 
vanishing magnetic charge of the graviphoton. 

What remains to be done in order to fully understand BPS black holes in _D = 4 
N = 2 supergravity is the following: 

• Investigate more carefully multicentered black hole solutions in Minkowski and 
potential rotating solutions with non-constant vector and hypermultiplet scalars. 



• Find explicitly static BPS black holes in AdS4. It seems that the correct Killing 
spinors are already available [102 |llC|] and one only needs to find a suitable 
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hj^ermultiplet gauging to write down the complete solution. Alternatively, if 
an example of such a theory cannot be found, it would be desirable to extend the 
no-go theorem to any supergravity action. 

• Understand better rotating black holes in AdS and how rotating attractors differ 
from their static analogs. Construct examples of rotating black holes with non- 
constant scalars. 

• Analyze in more detail the attractor mechanism in mAdS. One can try to follow 
the ideas of chapter ^ in order to derive the algebraic conditions on the scalars in 
magnetic AdS2xS^. 

• Examine the difference between toroidal black holes and black branes, e.g. how 
one would construct rotating BPS black branes in AdS that do not exist in the 
toroidal case. Find the possible near-horizon geometries for static solutions with 
flat horizons. 



Lifshitz superalgebra and conserved charges 

Due to the increasing interest in condensed matter applications of the gauge/ gravity 
dualities, it is important to carefully analyze the Lifshitz spacetime. Lifschitz was shown 
to be a BPS solution in £> = 4 = 2 supergravity with gauged hypermultiplets 
[ 146t 147] and it can therefore be potentially subjected to the procedure of chapter ^ 



The proper definition of conserved charges on the boundary of Lifshitz spacetime is of 
particular importance in explicit applications, as emphasized in e.g. [ [l48t [l49|] . 

Microscopic entropy counting in AdS4 

An interesting question from a quantum gravity point of view is whether one can cor- 
rectly reproduce black hole entropy in AdS4 by coimting BPS state degeneracies. Un- 
like the case of asymptotically flat black holes, the answer seems to lie in the dual 3- 
dimensional field theory rather than in brane constructions. Brane constructions rely 
on the fact that black holes in Minkowski exist for any value of the string coupling 
constant. In AdS this is no longer the case - we have seen that the scalar fields in AdS 
get stabilized exactly at the minimum of their potential. However, due to the existence 
of the AdS/CFT dictionary, one can try to analyze BPS states in the dual field theory 
providing an independent entropy calculation. In practice it turns out that the quantity 
that can be properly counted on the dual side is a certain supersymmetric index. This 
resear ch progr amme has been undertaken in the case of rotating BPS black holes in 



AdSs [|150Hl53|1 
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One can imagine similar considerations can be helpful in the four-dimensional case 
as well, although the dual three-dimensional field theory is more poorly imderstood. 
Still, the steps towards microscopic counting in the dual theory are in principle clear. 
One first needs to identify properly the black hole of interest from M-theory point of 
view. This can be done purely at a superalgebra level, showing how the black hole 
superalgebra fits in the 11-dimensional supergroup. The same BPS states correspond- 
ingly exist in the dual Bagger-Lambert [154-156] or ABJM theories [^] since they have 
isomorphic algebras. Once these states are identified, the problem of counting becomes 
rather technical and depends on the particular details of the theory, as seen in the higher 
dimensional case [ |l50|| . Nevertheless, the question of microscopic counting is clearly 
approachable after the analysis of AdS superalgebras in part |l|of this thesis. 



mAdS4/CFT3 and microscopic entropy counting in mAdS 

The questions whether mAdS4 has its own field theory dual and what such a the- 
ory might look like seem to be correlated with the question of how to describe the 
microscopic degrees of freedom of BPS black holes in mAdS. A known field theory 
dual would immediately give us a different point of view towards entropy in mAdS. 
To construct such a dual is however a much more complex issue. However, I believe 
that some of the analysis in this thesis provides a good starting point to solving these 
problems. The fact that mAdS black holes were embedded in M-theory in chapter |6.3.6 



is suggesting that a microscopic picture does exist. This embedding still needs to be 
related to a proper brane solution in 11-dimensional supergravity and its superalgebra 
has to be analyzed by the methods of part |l|. This will allow us to position the dual 



theory in a broader 



perspective, since we already know how theories of multiple M2 



branes look like f|154 - |156f| . A particular possibility is that the theory dual to mAdS4 is 



just a supersymmetry preserving deformation of ABJM theory. This is however just a 
speculation that will be confirmed only if the superalgebra of the conjectured bound 
state of M2's and Kaluza-Klein monopoles is a subalgebra of the M2 superalgebra [ [l35| j. 
Fortunately, these issues can be discussed on a purely algebraic level in the spirit of 
chapter This means that we do not explicitly need to construct the conjectured bound 
state that describes mAdS in M-theory. Rather, it is good start to find its superalgebra, 
which is the common subalgebra of the 11-dimensional super-Poincare group and the 
mAdS4 timesS'^ superalgebra. 

We have therefore outlined the first few steps on the way of constructing the mAdS 
dual. However, this is in no way a proof that a dual theory needs to exist in the usual 
sense in which the AdS/CFT correspondence holds. It is important to stress again that 
mAdS is a different vacuum and its M-theory interpretation does not necessarily lead to 
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a brane construction and a well-defined field theory description. At present this remains 
an interesting new possibility that deserves further attention. 



Appendix A 



Notation, conventions and spacetimes 



A.l Notation and conventions 

We mainly follow the notation and conventions from [Q. In particular, our spacetime 
has a {+,—,—, —} signature. Self-dual and anti-self-dual tensors are defined as 

F^. = \ {f,. ± ^ W.i^"") , (A.l) 

where £0123 = 1- 

The gamma matrices satisfy 

{7a, 7b} = 2?7a6 , 
[7a,76] = 27afc, (A.2) 

75 = -no7i7273 = «7°7^7^7^ ■ 
In addition, they can be chosen such that 

7o = 70, 707I70 = 7«, 7I = 75, 7^ = -7m • (A.3) 
An explicit realization of such gamma matrices is the Majorana basis, given by 




(A.4) 



where the ct'; i = 1, 2, 3 are the Pauli matrices. Their SU{2) matrix indices A, B can be 
lowered or raised with the antisymmetric tensor. We then obtain the following set of 
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matrices: 



= ( ; M , = ( J ) , = ( J _0 J , ^nd.ces^. (A.5) 



^[o -1 j ' ^ = (, -^ j ' " = Ul J ' '=[-1 j ' 

(A.6) 

(A.7) 

Our conventions for the sigma matrices follow in particular they are sjnnmetric 
and satisfy (c^'^^) = —ct^ab, and we have the relation 

a^gcfy^^ = -S'^S^'y + icAse'^^V^-^^ . (A.8) 

Indices on bosonic quantities are raised and lowered as 

^abV^ = Va , t^^^VB - , (A.9) 

and similarly for quaternionic indices a, raised and lowered with the antisymmetric 
symplectic metric C^^. As mentioned in the main text, all fermions with upper SU{2)r 
index have negative chirality and all fermions with lower index have positive chiral- 
ity Since 75 was chosen to be purely imaginary, the complex conjugation interchanges 
chirality. 

For the charge conjugation matrix, we choose 

C = ^7" , (A.IO) 

hence Majorana spinors have real components. 

We also make use of the following identities, with curved indices: 

e'"'''"757p = ^67^'^" , (A.ll) 

1 

liilpa = -Ipdiia + Icg^p + -^iivpal^l'' , (A.12) 



e 



Iplupla - laluplp = '2.g^u9pa " '2.9pp9va + '^.-e^^pal^ . (A.13) 

Another important property that ensures the super-Jacobi identities of 05p(2|4) hold is 



177 



where 7^/ at are defined in section ^.5.1 



Antisymmetrizations are taken with weight one half, and the totally antisymmetric 
Levi-Civita symbol is defined by 

With curved indices, 

g^^p^ EE e^e^ej?e5 e"'"='* , (A.16) 

is a tensor. 

The action is defined by 5 = J y^[gf£. We consider the ungauged lagrangian, whose 
Einstein-Hilbert and scalar derivative terms read 

+ 9^3^^^^'^^z^ + K.d^q^dP^q^ . (A.17) 

We set the Newton constant = 1. As we use a {+,—,—,—} metric signature, we 
have to choose gij and huv positive definite to get positive kinetic terms for the scalars. 
We compute the Riemann curvature as follows^ 



B VP — B VP + r'' r-^ — r-^ 



(A.18) 



where e = 1 for Riemann spaces (the quaternionic and special Kahler target spaces) and 
e = — 1 for Lorentzian spaces (space-time). The overall minus sign in the latter case is 
needed to give AdS spaces a negative scalar curvature. This gives a sphere in Euclidean 
space (with signature {+, +, +, +}) a positive scalar curvature. 
The spin connection enters in the covariant derivative 



The Lagrangian ( |A.17|) is only supersymmetric if the Riemann curvature of the hy- 
permultiplet moduli space satisfies R{huv) — Sn{n + 2) , where n is the number of 
hypermultiplets, so the dimension of the quaternionic manifold is 4n (in applications to 
the universal hypermultiplet, we have n = 1 and hence B = —24). 



^"Note that this definition, wh pn a n n lipd to the Riemann curvature of the quaternionic manifold, differs 
with a factor of 2 compared with [ p7| pc| ]. As a consequence, there one has R{huv) = —in(n + 2). 
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A.2 Metrics and field strengths 

• AdSaxS^ 

The line element, in local coordinates {t, x, 9, (/)}, is 

ds^ = ql (dt^ - sm^{t)dx^ - d9^ - sm^ {9)d(l)'^) , (A.20) 



where qo is a real, overall constant which determines the size of both AdS2 and S 



2 



From ( [3.29| ) we find the only non-vanishing components 



T+ = ^gosin(<)e^", 

^ . (A.21) 

T,+^^-'^qoMO)e"' ■ 

• The pp-wave 

The line element of a four-dimensional Cahen-Wallach space [|8l| ], in local coordi- 
nates {x" , x'^ ,x^ ,x'^}, is given by 

ds^ = -2dx+dx- - A,jx'x^{dx-f - idx'f , (A.22) 

where is a symmetric matrix. Conformal flatness requires An = A22 and 
A12 — 0. We denote An = — /i^ as An should be negative. This space is known as 



the pp-wave. From (3.29) we find the only non-vanishing components 
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Integrability conditions 



(B.l) 



B.l Commutators of supersymmetry tranformations 

A killing spinor ea satisfies 
whence the commutator is 

+ ^ {Sa'^P^T^ - le-y^a^^A^P^T^ 7a..£c ■ 
From ( 3.17 ) we obtain 

[V^, V^]eA = - ^RtJ.v^^labeA - gifl [t,z'\7 ^^zh a - igF^^PA 

B.2 Fully BPS vacua 



(B.3) 



In the fully BPS case, all terms with a covariant derivative in ( |B.2| ) and ( |B.3[ ) vanish. We 
furthermore see that (B3) does not contain a term proportional to e^s, so D^jT^^ = 0. 



Some algebra now yields the necessary and sufficient conditions to match the terms 
proportional to ct'^a^: 

T-JW = , 

(B.4) 
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which give the first conditions of section 3.2.3 . The other conditions are obtained by 
comparing the parts proportional to Sa^- 



B.3 Half BPS vacua 



We use ( 5.37 ) to eliminate in terms of ea and for convenience define b = —ieJ"". The 
remaining equation should hold for any choice of ea- We can then use the independence 
of the gamma matrices and the SU(2) matrices eab , <^ab t° ^^^'^ conditions 



1. Terms proportional to cab, no gamma. 



(B.5) 



2. Terms proportional to cab, two gamma 



1 



(B.6) 



3. Terms proportional to ctJ^, no gamma 



A ; 



(B.7) 



where we used that —^Zv'^ [p.q'^'^ u]<l" ~ 0, which follows from ( |5.42 ). Using 
fi^PA = from ( 5.39 ) we therefore find 



X T A 



(B.8) 



We now take components ji = and use VgP^ = and geo = 0. We then find 
Tg^P^ — 0, whence = or Tg^ = 0. In the latter case also T^^ — 0, because of 
the anti-self-duality property, and then T^i, ~ 0. We conclude 



r-,p^L^ = 



(B.9) 



4. Terms proportional to cr^^, two gamma. Using ( |B.9[ ) we find 



(B.IO) 



To summarize: we found two cases, one with T^^ = 0, the other with P^ = 0. We 
now list the remaining conditions for each case. 
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B.3.1 Case A: F = 

The remaining conditions are 



^xyzpy-pj^ _ g 

The first condition impUes that the spacetime is maximally syrmnetric, with constant 
curvature a P^P^, and is then solved. 

B.3.2 Case B: = 

The remaining conditions are 



From the second condition we find the Riemann tensor 

- bD,T-,el + T-,T+ - 



(B.12) 



(B.13) 



Appendix C 



Isometries of special Kahler manifolds 



In this appendix, we present some further relevant identities that are used in the main 
body of the thesis. First, we have defined the moment maps on the s pecia l Kahler 
manifold as follows. Given an isometry, with a symplectic embedding ( 2.42 ), we can 
define the functions 

Pa = i{kld,IC + ta) . (C.l) 



Since the Kahler potential satisfies ( t2.44| ), it follows that Pa is real. From this definition, 
we can verify that 

kl = -z.9%Pa . (C.2) 

Hence the Pa can be called moment maps, but they are not subject to arbitrary additive 
constants. Using ( ^.451 ) and ( |2.5(]| ), we find 



(C.3) 



also called the equivariance condition. 

We can obtain formulas for the moment maps in terms of the holomorphic sections. 
For this, one needs the identities 



A^Xa.Ps - CA,sn^" + /As"Fn + taPs , (C.4) 



which follow from the gauge transformations of the sections, see ( |2.42| ). Using the chain 
rule in ( 2.5C ), it is now easy to derive 



Pa 



and similarly 



fAu'^iX^Fs + PsX") + CA^n^X^X'' 
/An''(/"Ms + h^jL^) + CA,^nf^L^ 



(C.5) 



(C.6) 
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The Killing vectors (|C.6| ) are not manifestly holomorphic. This needs not be the case 
because otherwise we would have constructed isometrics for arbitrary special Kahler 
manifolds, since holomorphic vector fields obtained from a (real) moment map solve 
the Killing equation. 

We now show that PaL^ = 0, following the discussion in [^S]]. We start from 
the consistency conditions on the symplectic embedding of the gauge transformations, 
equations (C4). We eliminate ta using ( 2.50| ), and rewrite them as 



Ar^Ms + CAx^L^ = ^AhT\^ + iPAMr 



(C.7) 
(C.S) 



with /ir|i — e^/^DiFr- Multiplication of the first equation with A/s and the second with 
and subtracting leads to 



Ms + CAx^L' , 

where we have used the identity /pM^: — hY\iL^ — 0. Contracting equation 
and using ( C9 ) and ( 2.54 ) one finds 

PaL^ = , 



(C.9) 
with 

(C.IO) 



as announced below equation ( 3.16 ). Contra ting the first equation of (|C.7| ) with gives 
L^k\ff = 0. It follows from contracting with ImA/rs/f that 



L'^fcX = 



(C.ll) 



Here we have used the special geometry identities on the period matrix ( |2.24| ). 



Appendix D 



The universal hypermultiplet 



The metric for the universal hypermultiplet is 



(D.l) 



It describes the coset space SU{2^ l)/C/(2). The re ar e eight Killing vectors spanning the 
isometry group SU{2, 1). In the coordinates of ( P.ll) , they can be written as 

ka=l — da , 

ka=2 = ^da- , 

ka=3 = d^, 

ka=4 = -V^^x + xd<p + i(<^^ - x^)da , 

ka=5 = 2rdr + x^x + + 2ada , (D.2) 

~ka=6 = 2r(^5, + {-2a + ^x)dx + \{-ir + _ 3^2^^^ ^ ^^^^ ^ + x')5. , 

lb 

The moment maps are computed from 



(D.3) 
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The quaternionic two-forms satisfy l^^fi^ = — + ^e^^^fl^, and can be written as 

1 



2^3/2 
1 

2r3/2 



(dr A dx + d(/7 A dcr) , 
(— dr A d<^ + dx A dcr — xd</5 A dx) 



= (dr A dcr + xdr A d</? — rd<^ A dx) • 



We then find the moment maps 

1 



Pa=2 
-Po=3 

-Pa=5 
-Pa=6 
Pa=7 
Pa=8 



0,0,- 



2r 



yr 2r J 

O^-^l 
2rf' 



_L 1 



4r 



X ^ ^ 



2a - Lpx ^r + ip^- 3x^ -4cr</j - (12r + ip'^)x + X^ 



4r 



-12r(p + V + 4(TX + 3v?x' 



4r - 3(/?^ + x^ 2cT + 3(/3X 
—Arip + 1^'^ — 4(7X — ly^X^ 4iT(^ — 4rx + 3</5^x + X' 



4V^ ' 4VF ' 

ISr^ + 160-2 + + 16crx</9 + 6(^2x^ + X* - 24r(</92 + x^) 

32r 



(D.4) 



(D.5) 



These formulas are needed for some of the examples that we consider in the main text 
of this thesis. 



Appendix E 



Asymptotic Killing spinors 



In this appendix we follow the spinor conventions of chapter ^ for convenience. We 
therefore use a doublet of real Majorana spinors instead of the two complex chiral 
spinors used elsewhere in this work. See chapter ^ for more explanation of how to 
change between real and chiral spinors. 



E.l AdS4 

Here we give details about the Killing spinors for AdS4. We consider the metric in 
spherical coordinates 

ds2 ^ (1 + g^r"^) _ (1 + gV^)-! dr^ - {dO^ + sin^ Odip^) , (E.l) 
and corresponding vielbein 

eji diagl^yrr^V^, yr+^V^ \r,r sin 6*^. (E.2) 
The non-vanishing components of the spin connection turn out to be: 



L^T^9\ iof = -^lTg^, uj^^ = -^l+g^r^ sm9, ujf = - cos 0. (E.3) 

For the AdS4 solution, the field strength vanishes, 

F^.^O. (E.4) 

To find the Killing spinors corresponding to this spacetime we need to solve P^e = 0. 
This equation has already been solved in an unpublished paper by Izquierdo, Meessen 
and Ortm and one can explicitly check that the resulting Killing spinors are given by 
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where en is a doublet of arbitrary constant Majorana spinors, representing the eight 
preserved supersymmetries of the configuration. 

It is important to note that the asymptotic solution of the Killing spinor equations 
as r — > oo (given the same asymptotic metric) cannot change unless A^p ^ 0. This is 
easy to see from the form of the supercovariant derivative ( |8.10| ) since any other term 
would necessarily vanish in the asymptotic limit. More precisely, any gauge field car- 
rying an electric charge that appears in the derivative vanishes asymptotically, the only 
constant contribution can come when a magnetic charge is present. In other words, any 
spacetime with vanishing magnetic charge and asymptotic metric (E.l) has asymptotic 
Killing spinors given by (E.5). 



E.2 Magnetic AdS4 

Now we will show that the asymptotic Killing spinors take a very different form when 
magnetic charge is present. In this case the metric is 

= (1 + .9^2 + ^) - (1 + .g^r^ + dr2 - (d^^ ^ ^^^^2 ^^^2) ^ 

with corresponding vielbein: 



e;i = diag(^l +5^2 + ^,-^1 +5^2 + ^ ,r,rsin0). (E.7) 
The non-vanishing components of the spin connection turn out to be: 



^ - y 1 + .g2r2 + ^ sin , = - cos B . (E.8) 

As opposed to the previous section, now we have a non-vanishing gauge field compo- 
nent Ap — ~Qm COS 6, resulting in Fg^ = Qm sin 6. If we require V^e = and insist that 
Qm 7^ 0, we get a solution described by Romans in [102] as a "cosmic monopole" (which 
we call magnetic AdS4). The magnetic charge satisfies 2gQm = ±1, such that the metric 
function is an exact square {gr + 2^)^- The Killing spinors corresponding to solutions 
with Qm = ±1/(2.9) ii^ our conventions are given by 



eruAdS = \y9'^ + 2^^^ + ^ i7230-^)eo , (E.9) 

preserving two of the original eight supersymmetries. Note that in the limit r — > 00 the 
Killing spinor projections continue to hold. Furthermore, the functional dependence is 
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manifestly different in the expressions ( ) and ( |E.9| ) for the Killing spinors of ordinary 
AdS4 and its magnetic version. This leads to the conclusion that these two vacua and 
their corresponding excited states belong to two separate classes, i.e. they lead to two 
independent superalgebras and BPS bounds. Note that one can also add an arbitrary 
electric charge Qe to the above solution, preserving the same amount of supersymmetry 
(the "cosmic dyo n" of [102]). The corresponding Killing spinors [102] have the asymp- 
totic form of (E^), i.e. the cosmic dyons are asymptotically magnetic AdS4. 



E.3 Riemann AdS^ 



We now determine the Killing spinors of the ground state with toroidal topology and 
vanishing mass and charges, r] = q = p = 0. The metric is 



V 



ds"" = (1 + .gV^)dt^ - (1 + g^r^)-' dr^ - -^(dx^ + 2Rer dxdy + IrPdy^^ 

Imr 



(E.IO) 



Choosing upper triangular vielbein 



gr-. 



gr 



rVVRer ^ rjr^ ^ (^.11) 



'Imr 



'Imr 



one can straightforwardly derive the (non-vanishing) components of the spin connec- 
tion. 



01 



9 r, uj^ 



12 



13 



RerVV 
|r| Vlmr 



gr, u^l' 



'Imr 



gr. (E.12) 



The Killing spinors can now be computed from 2?^e = 0, and the solution, with arbitrary 
constant spinors eo, is 



Rcr 

72 + J 73 

Imr 



\t\VV 

V r- 73 + 5*70 

Vimr 



(1 - Z7i) j eo • 
(E.13) 



Without restriction on eo/ all eight supercharges are preserved, but (|E.13D does not re- 
spect the identification of the coordinates x, y on the torusQ One can make the Killing 
spinors well-defined on the torus by imposing a projection on eo, namely 



eo = Peo , 



P = 



1 + 



(E.14) 



Without the toroidal compactific ation, the spacetim e is of course normal AdS written in Poincare coordi- 
nates. It is therefore no surprise that (E.13) is similar to (E.5|. 
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Such a projection breaks half of the supersymmetries, and the Killing spinors of RiAdS 
are therefore 

^RiAdS = \/r{ — ) ^0 = VrPeo . (E.15) 



Appendix F 



Rotations in AdS4 



Here we focus on stationary spacetimes with rotations. From the supersymmetry Dirac 
brackets in asymptotic AdS4 spaces, 

{Q, 2} = -Smlo (... + gJijj'' + ...) eo , (El) 

we can derive a definition of the conserved angular momenta. The explicit expressions 
are somewhat lengthy and assume a much simpler form once we choose the vielbein 
matrix in an upper triangiilar form, such that its inverse is also upper triangular. 
More explicitly, in spherical coordinates we choose nonvanishing e°'^'^'^, e^'^'^, e^^, e^, 
such that the inverse vielbein has only non-vanishing components Cq'^' '^j 6^^' 62''^, 63 . 
The resulting expressions for the angular momenta in this case become: 

•^12 = ^^1™ j^fj d0((e*eie3w^^ + e(,e'ie^e3e^w°i)rcos^+(e[,eie^u;°i)rcos^sin^) 


Ji3 = ^^lim J J d6'((e^e^e^wgi+e^eJe^e3e^a;°^)rsini^ + (e[,eie^w°i)rcos6'cos¥)) 


27r TT 

J23 = ^ ^lim Jd^JdO (elelelw^^^rsme) . (F.2) 


It is easy to see that in case of axisymmetric solutions around ip, such as the Kerr and 
Kerr-Newman metrics in AdS, the angular momenta J12 and J13 automatically vanish 
due to J^^ d(f sin ip ~ J^^ dip cos (p = 0. 

One can then use the formula for J23 to derive the value of the angular momentum 
for the Kerr black hole. This is still somewhat non-trivial because one needs to change 
the coordinates from Boyer-Lindquist-type to spherical. The leading terms at large r 
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were found in appendix B of [ 127 1 and are enough for the calculation of the angular mo- 
mentum since subleading terms vanish when the limit is taken in ( |F.2|) . The calculation 
of the relevant component of the spin connection leads to 



Sam sin ^(l — g a sin 



-5/2 



and gives the exact same result as in (B.8) of [ |127|] , 

am 

J2 



(l-g2a2)2 



(F.3) 

(F.4) 
thus con- 



This expression has also been derived from different considerations in [115 
firming the consistency of our results. 

One can also verify the result for the asymptotic mass of the Kerr and Kerr-Newman 
spacetimes using ( ^.34| ) and the metric in appendix B of [ |12/| . After a somewhat lengthy 
but straightforward calculation one finds 



M 



(F.5) 



as expected from previous studies (see, e.g., [ |l09i |l57|l ). 



Appendix G 



Supercharge of the general gauged 

theory 



G.l Additional details on D = 4 = 2 gauged supergrav- 
ity 



Here we will give more details on the theory in consideration. Alternatively, see [13 /Tl for 
a very detailed description. The bosonic part of the supergravity lagrangian was given 



in (2.1)-([2.2|). The supersymmetry variations under which the full action is invariant 



(upto higher order terms in fermions) are as follows. The fermionic variations were 



already given in chapter g: ([2.3| ),(|2.4|), (|2.5|) . The bosonic susy variations are as follows. 
The vielbein variation reads 

<5ee^ = -iii^Al'^e^ - ^^t^^SA . (G.l) 
In the vector multiplet sector we have 

S,z' - V^EA , (G.2) 



and 



5,A'^ = 2L^V'M^Be-^'' + if^X'^l^.s^'eAB + h.c. . (G.3) 
The susy variation of the hjrpermultiplet scalars (hypers) is 

6,qu - U^'^ (Ce^ + C^^e^^fsB) . (G.4) 



In order to derive the supercharge of the theory from the procedure described in 
chapter ^ we additionally need the Poisson/Dirac brackets of the fundamental fields. 
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It will suffice to list the non-vanishing fermionic Dirac brackets that follow from the full 
lagrangian0 (see e.g. f^7|] ): 

{V'M(a;),e°"''"V^P (a;')7a}t=t' = 5^,'' Sa'' S''{x ~ x') , 

{\\{x), -'-gt,j-f\x')^o}t^r = SA^'Su'S^ix-x') , (G.5) 

{Ux),-it{x')^o}t=r = 5j5^{x-x') . 

Note in particular that we follow the original conventions of appendix ^ for e''"'"^. 
Consequently, we define as a measure for the volume/ surface integrals 

dS^ = ^<^tivpa da;"" A Ax^ A dx" , dE^,, = ^e^'^P'^ dx'' A dx" , (G.6) 
which are defined differently in chapter ^ 



G.2 Supersymmetry charge 

From the susy variations one can fix imiquely the supersymmetry charge Q by the 
requirement that 

5,0 = {Q,0}, (G.7) 
for all fundamental fields (here denoted by <j)) in the theory. From the supersymmetry 



variations ( |2.3| ),(2.4),(2.5), together with the Dirac brackets ( |G.5[ ), one finds 

Q - / dJ:^[e'^''''^i^tjp'D^eA + h.c. 
Jv 

- ^g^^\\r{i^.z'Ye^ + GZ^Pt^^'eB + gW^^'eB ) + h.c. ^^'^^ 

- iC^'^iiU^N ^q^^'^e^tAB'C^p + gN^EA ) + h.c] , 

up to higher order in fermions. The expression for the supercharge simplifies consid- 
erably when evaluated on shell, due to the very suggestive form of the equations of 
motion of the gravitinos: 

- (Wf^V^"eABC„^ ~U^f'V,q^-f^'''eABCo.p+igN^Ar)C ■ 

(G.9) 



*^The brackets for the bosonic fields can be derived directly from ( |2.l| ) if needed. 
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After performing a partial integration of the first term on the r.h.s. of (GJ) and using 
i.9|), the supercharge becomes a surface integral: 



Q e.o.m 



dV 



(G.IO) 



similarly to ( p. 2/] ) in the minimal case. 
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